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Abstract

We define and show the existence of trembling hand perfect equilibrium and sta-
tionary Markov perfect equilibrium in infinite games with asymmetric and im-
perfect information. These results rely on the novel notion of sequential absolute
continuity, which extends Milgrom and Weber’s (1985) absolute continuity condi-
tion to dynamic games. Our approach establishes the existence of an equilibrium
in a broad class of games with “noisy informational asymmetries,” in which play-

ers’ private information includes some idiosyncratic noise.
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1 Introduction

We define and show the existence of trembling hand and stationary Markov perfect
equilibrium in a broad class of infinite dynamic games with asymmetric and imperfect
information. Our analysis reveals a key insight: in many games of economic inter-
est, players’ imprecise observations of their opponents’ information—any amount of
idiosyncratic noise suffices—ensures these equilibria exist.

We study a general class of dynamic games that encompasses but is not limited to
multi-stage games. In our framework, a state of the world evolves stochastically based
on previous states and actions, while players receive signals providing information
about the history of the game, which they may not directly observe. The state and
signal spaces are general measure spaces, while each player’s action set is countable.
Players’ payoffs satisfy two properties: an upper bound on each player’s expected
payoff is finite, and payoffs exhibit a form of continuity in actions.

We begin by establishing the existence of constrained equilibria, where players se-
lect each available action with positive probability due to “trembles.” Following Selten
(1975), we define trembling hand perfect equilibria (THPE) as the limit of constrained
equilibria when players’ trembles vanish. This approach ensures sequential rationality,
as we prove that constrained equilibria entail an optimal course of action conditional
on players’ beliefs at private histories. We establish that THPE exist and are sub-
game perfect. We then show that these existence results hold in a broad class of
games where players’ observations include some idiosyncratic noise. Next, we define
a Markovian environment, and establish the existence of stationary Markov perfect
equilibria (MPE), defined as trembling hand perfect equilibria in which each player’s
strategy depends solely on their current payoff-relevant information.

To illustrate the applicability of our results, consider the following class of games
for which we establish the existence of THPE. The prior literature had not ascertained
whether these games possess a sequentially rational equilibrium. At every period, a
state of the world is drawn from some distribution over real vectors. The state
is composed of individual dimensions for each player, each in turn consisting of a
fundamental component and a noise term. Before moving, players observe the history
of action profiles but do not directly observe the current state. Instead, each player
receives a private signal consisting of their own fundamental component plus their

noise term. The fundamental component may be correlated with the previous state



and may depend on the previous action profile; the noise term is independent of the
fundamental component, independent across periods, and is absolutely continuous
with respect to the Lebesgue measure—for instance, it could follow a multivariate
normal or uniform distribution. After receiving their signals, players simultaneously
choose an action from a finite set, and the game proceed to the next period. Players
have discounted payoffs that depend on both the current state and actions, and need
not be continuous in the state.

The class of games introduced above can naturally represent various economic
applications, which include, among others: (i) sequential oligopolistic competition
where the actions are quantities or prices and signals are idiosyncratic demand shocks
(e.g., Athey et al., 2004; Athey and Bagwell, 2008); (i7) sequential auctions with
interdependent values, where the actions are bids and the signals are informative
about the value that the auctioned good has for each potential buyer (e.g., Jofre-
Bonet and Pesendorfer, 2003); (iii) global games of regime change where players
attack a regime after learning about its strength (e.g., Angeletos et al., 2007).

Our results apply to a broader class of games. In particular, our analysis allows
for: 1) general state and signal spaces; 2) state transitions and payoffs that can depend
on the entire history of states and action profiles; 3) countable action sets, as long as
signals evolve continuously in a specific sense that we describe below; 4) correlation
among signals, provided that the joint distribution of signals is absolutely continuous
with respect to the product of their marginal distributions; 5) payoffs that may be
discontinuous with respect to the history of states, but must be continuous in actions;
6) non-discounted payoffs, provided that the sum across periods of an upper bound
of the players’ per-period expected payoffs is finite; 7) uncertainty about whether
opponents moved in the past, accommodating an unknown order of moves.

The existence of THPE, established in Theorems 1 and 2, hinges on a key assump-
tion we term sequential absolute continuity (SAC). This condition extends Milgrom
and Weber’s (1985) absolute continuity condition for one-period Bayesian games to
dynamic settings. SAC imposes two requirements on the transition probability over
the history of private signal profiles conditional on the action history. First, it must
be absolutely continuous with respect to the product of the marginal probability
measures of each player’s history of private signals. Second, it must be bounded and
continuous in the action history according to a novel norm on transition probabilities,

which implies continuity in the total variation norm.



To establish the existence of THPE under noisy observations, we consider settings
where each player’s signals consist of a fundamental component, potentially common
across players, and an idiosyncratic noise term. We provide sufficient conditions for
SAC in this case. Proposition 3 shows that the absolute continuity condition of SAC
holds under three assumptions: (i) the joint distribution of the fundamental and noise
components is absolutely continuous with respect to the product of their marginals;
(77) the joint distribution of the players’ noise terms is absolutely continuous with
respect to the product of their individual marginals; (iii) players cannot perfectly infer
the fundamental component from their observed signals. Additionally, Proposition 4
shows that the boundedness and continuity requirements of SAC are met under two
conditions. First, the fundamental signal must exhibit a weak form of continuity.!
Second, the joint distribution of the private and fundamental signal histories must be
absolutely continuous with respect to the product of the marginal of the fundamental
signal history and a distribution over the private signal history that is independent
of the action history.

A consequence of Propositions 3 and 4, Corollary 1, is that for real-valued signals,
the addition of noise that is absolutely continuous with respect to the Lebesgue mea-
sure, along with certain regularity requirements, guarantees the existence of a THPE.
Notably, this result implies that the addition of even an arbitrarily small amount
of such noise suffices to ensure existence in games where the previous literature has
otherwise demonstrated non-existence. Through two running examples, we illustrate
how adding noise simultaneously resolves two issues: strategic entanglement, which
generates discontinuity of the expected payoffs in players’ strategies, precluding classi-
cal existence arguments; in dynamic settings, the discontinuity of signals with respect
to previous actions, as seen in non-existence examples like that of Harris et al. (1995).
The conditions of Corollary 1 are met by commonly used noise distributions, includ-
ing independent uniform and jointly normal, making our results widely applicable
across various economic models.

Our approach can be extended to the analysis of equilibria in Markov strategies.
To achieve this, we adapt the notion of stationary Markov perfect equilibrium by
defining them as THPE, in which each player’s strategy depends only on the current

payoft-relevant information. To formalize the meaning of payoff-relevant information,

1Specifically, Proposition 4 requires continuity with respect to the weak convergence of proba-
bility measures. See footnote 14 for a formal definition.



we introduce Markov games. In Markov games, the primitives, such as state and signal
transitions, payoffs, available actions, and active players, are determined solely by
variables specific to the current period. Moreover, the set of states of the world can be
decomposed into two dimensions: a payoff-relevant dimension, which determines each
player’s payoffs and the state transition, and a payoff-irrelevant dimension. Private
signals that provide information about the payoff-relevant state dimension are referred
to as payoff-relevant signals.

For stationary Markov strategies to be optimal, we need to ensure that bygones
are bygones, meaning that players do not find it beneficial to exploit information from
previous periods. We formalize this property by requiring that when all players follow
stationary Markov strategies, each player’s belief about the current payoff-relevant
state of the world depends only on the current payoff-relevant signal component.
We call this assumption Markov information. We complement this condition with
the Markov payoff assumption, which imposes that payoff-relevant signals are as
informative as private histories for computing the expected payoffs.

Theorem 3 establishes the existence of stationary Markov equilibria under a new
assumption which we term Markov absolute continuity (MAC). The latter replaces
SAC in Markov games, modifying it in two ways. First, it applies only to the transition
of payoff-relevant signal profiles. Second, it requires that the absolute continuity
condition holds with respect to the product of the marginal measures over private
signals, taken not only across players but also across periods. Thus, MAC is neither
weaker nor stronger than SAC.

Some applications for which our analysis yields novel existence results in Markov
games are: (1) games with asynchronous moves, including asynchronous revision
games (Kamada and Kandori, 2020), and dynamic cheap talk games (Renault et al.,
2013); (2) stochastic games in which players receive both a public and a private shock
(Balbus et al., 2013), such as in dynamic oligopolies, where the public and private

shocks can be interpreted as demand and firm’s costs, respectively.

Related literature. Despite their widespread applications in economics, establish-
ing equilibrium existence in infinite games with asymmetric information has proven
challenging. Even in one-period Bayesian games with finite actions, the literature has
provided examples that lack equilibria. Simon (2003) presents an example of one such
game that has no Bayes-Nash equilibrium and, similarly, Hellman (2014) and Simon

and Tomkowicz (2018) construct examples that lack even approximate equilibria.



In the presence of uncountable states, equilibrium existence in dynamic games is
established either by “closing” the strategy space with some form of correlation or
imposing restrictions on the state transition. In games with almost perfect infor-
mation,? Harris et al. (1995) constructs a two-period game featuring compact action
spaces that lacks a subgame perfect equilibrium and restores existence by adding a
stage-wise public signal that serves as a correlating device. He and Sun (2020) ex-
tends this existence result by requiring the state transition to be atomless. Manelli
(1996) adds cheap talk to a signaling game to obtain existence.

This paper establishes existence by following a different approach. We build upon
the seminal works of Milgrom and Weber (1985) and Balder (1988) by generalizing
their absolute continuity condition to dynamic settings. Furthermore, we provide a
sufficient condition for absolute continuity based on noisy signals, broadening their
framework’s applicability even in static cases.

We contribute to the literature studying sequentially rational equilibria in infinite
dynamic games. The closest work is Myerson and Reny (2020), which introduces the
concept of perfect conditional e-equilibria, defined as strategy profiles that can be
approximated by a net of conditional e-equilibria.® These equilibria eventually assign
positive probability to every possible action and almost every move of nature. Their
limiting distributions, as € tends to zero, are termed perfect conditional equilibrium
distributions. However, these distributions may not always be induced by a strategy
profile. In contrast, we focus on trembling hand perfect equilibria, which we define
as limits of e-constrained equilibria. These trembling hand perfect equilibria are
conditional-£ equilibria, with & vanishing as ¢ does.*

A vast literature on stochastic games stemming from the seminal work of Shap-
ley (1953) studies the existence of stationary Markov perfect equilibria in settings
where players observe the history of play and the current state, and have discounted
payoffs. In this environment, existence generally requires continuity assumptions on

the transition of the state across periods.® Levy (2013), and subsequently Levy and

’In games with almost perfect information, players may move simultaneously after perfectly
observing the history of the game.

3In a conditional e-equilibrium, players optimize their payoffs up to ¢ utils, conditional on every
positive measure set of private histories.

4See Proposition 6 in Supplemental Appendix B.9.

®Duggan (2012) provides an excellent discussion of these assumptions. Nowak and Raghavan
(1992), Duffie et al. (1994), and Duggan (2012) establish the existence of stationary Markov perfect
equilibria under restrictions on the state transition and other conditions such as payoff-irrelevant



McLennan (2015), shows that non-existence of stationary Markov perfect equilibria
may arise even in standard stochastic games with finite action sets where the state
transition is absolutely continuous with respect to a fixed measure.

We also intersect the literature on stochastic games with asymmetric information,
which spans from the study of folk theorems to dynamic persuasion (Aumann et al.,
1995; Ely, 2017). Altman et al. (2008) studies the existence of a stationary Nash
equilibrium when each player privately observes the realizations of an associated con-
trolled Markov chain. Balbus et al. (2013) establishes the existence of a stationary
Markov perfect equilibrium in a setting with strategic complementarities in the pres-
ence of public and private shocks. To the best of our knowledge, we are the first to
provide conditions for the existence of trembling hand and stationary Markov perfect

equilibria under general state and signal spaces.

2 Model

We study dynamic games played in countably many periods t € IN := {1,2,...}.

Formally, any such game is represented by the following list of objects:

I'= <N7 Q) m7 (Xu Sia Ai7 gi)i€N7 M, 7)7

where

e - N:={1,...,n} is a finite set of n players.

- €2 is a measurable set of states of the world, and S; is a measurable set of private

signals for each player i € N. S =[],y Si denotes the set of signal profiles.

- X, is a countable, compact metric space, endowed with its Borel o-algebra,
representing the action set of each player i € N. The set of action profiles
is X = [[,cy Xi, with generic element a = (ai,...,a,). The set of histories
of action profiles up to period ¢t € IN is X' := [],., X, with generic element
at = (ay,...,a;). For £ <t, the element a*¥ ¢ X[ denotes the truncation of
history a’ up to and including period ¢. The action a;?’g corresponds to player
i’s move in period-¢ action profile a’. The sets QF, S*, and their corresponding

elements, such as w"® or st,, are defined analogously.®

and payoff-relevant noise. Parthasarathy and Sinha (1989), and Nowak (2003) assume stronger
restrictions than Levy (2013) to prove existence. He and Sun (2017) unifies these results by assuming
the “decomposable coarser transition kernel” condition on the state transition.

SFor t > 1, we use the notation Y* := [[\_, ¥ for any set Y; Y0 == {(}.



e 171(-) maps each measurable set to its o-algebra. For instance, 177()) denotes
the o-algebra of measurable subsets of €. We endow product spaces with their
product o-algebra, subsets of measurable spaces with their relative o-algebra,’

and we assume all singleton sets are measurable.

e The correspondence A; : Ujen St X Xf’l = X, is non-empty closed-valued, weakly
measurable,® and specifies the actions available to player i € N as a function of i’s

private signal and action history.

e The function g; : Uien®' X X — R represents the flow payoff received by player
1 € N as a function of the history of the states of the world and action profiles. It

is measurable and bounded.

e The map p : Uenuior 2 X X* — A(Q) is the state transition probability® which
determines the probability of a new state as a function of the history of the states
of the world and action profiles. That is, u(Z|w', a') is the probability that the
period ¢ + 1-state belongs to the set Z € M(Q) given (w',a’) € QF x X"

e The signal transition function -y : UyenQ!x X*~1 — S is measurable and determines
the private signal profiles as a function of the history of the states of the world
and action profiles. Denote by 7; : Upen€ x X'=! — S; the projection of v onto

1’s private signal in S;.

Following the representation of Myerson and Reny (2020), we assume that the
state of the world evolves stochastically, while signals are deterministic functions of
the history of the game. As the state space is general, this representation is equivalent
to an alternative framework in which the signal realization is also stochastic.

For ease of exposition, in the main body of the paper, we focus on games where
players are informed about whether their opponents have moved in the past, i.e.,
they observe the period ¢ € IN in which the game is being played. In an extension,
we model games where the order of moves may be unknown. This is achieved by
restricting the information available in private histories, which do not record any

information from inactive periods. See Section 6 for more details.

"For every Z € M(Y), Z’s relative o-algebra is M(Z) = {BNZ|B € M(Y)}.

8A correspondence ¢ : Z = Y that maps a measurable space Z to a topological space Y is
weakly measurable if, for every closed subset B C Y, the set {z € Z : ¢(z) C B} is measurable. See
Definition 18.1 in Aliprantis and Border (2006) and the ensuing discussion.

9For measurable spaces Z and Y, the function ¢ : Z — A(Y) is a transition probability if £(B|z)
is measurable in z for every B € M(Y); A(Y) is the set of probability measures over Y. A transition
measure is defined analogously when £ : Z — 1M(Y') and £(+|z) is a measure for every z € Z.
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2.1 Histories, Strategies, and Expected Payoffs

Histories. For t € IN, a period-t history h = (w',a’™!) is composed of a history of
the states of the world w* € QF, and a history of action profiles =t € X*~1. The set

H' contains every period-t history, and #H = Uenuqo3#" contains every history.

Private Histories. For i € N, t € N, (st,al™") € S! x X! is a period-t private
history of player i. Denote by #! := S! x X!~! the set of period-t private histories
of player 7, and by #; = UteNé‘t’,’t the set of all private histories of player i. The
set Ha, = {(st,al™") € %,-|a € Ai(s f(g aéil’@*l)), ¢ <t — 1} denotes player i’s
available private histories accordlng to the action correspondence A;.

Strategies. A strategy of player i € N is a transition probability o; : #4, — A(X;)
that maps i’s available private histories to probability distributions over i’s actions
satisfying supp o;(h;) C A;(h;) for every h; € #4,. Denote by ¥, the set of player i
strategies,'” and by 0 = (0;)jen € [[; X, = ¥ a strategy profile.

Conditional measures. For : € N, conditional on player ¢’s actions a] € X and
signals st € S¥, for t,7 € NU{0} with 7 < ¢, the strategy o; € 3; induces a transition

probability over player i’s action history a} € X! as follows
plallshal,o) =TI oufaldst®, o) )

Dy e gea, o = a7 zero otherwise.!! That is, pi(at|st,a

if (st o;) is the

probability of i’s actions in history a! that are a continuation of a if s! is realized

’L’ Z 29 ’L’

and ¢ plays according to ;. The strategy profile ¢ € ¥ induces p(a'|s’,a”,0) =
[Lcn pi(allsh, af, 05) for (s',a") € S* x X', a7 € X7. When 7 = 0, hence a” = 0, we
write pu(allst, 07) i= pi(allst, 0, 07) and p(a’ls', o) i= p(a']s",0,0).

Conditional on a history of action profiles a~* € X! and states of the world
w™ e Q7 for t,7 € INU {0} with 7<t, the probability measure over Q' induced by
the state transition probability p is

t—1
Ay (@, 0! = | [ (g, a7HO)
=7

0L emma 4 shows that the set of strategies is non-empty. That is, there exists a measurable
selector, with support on the available actions set, as a function of h; € #(;. This result follows from
the weak measurability of A;.

1We use the convention that HtT:_Tl yr = 1 for (y:)remugoy sequence in R, and 7 € IN.



if W™ = W™; zero otherwise. When 7 = 0, hence w™ = (), we write duf (w'|a’™!) :=
dprg, (w'|0, a'71).

For every t € IN, (w!,a'™!) € 7!, denote the history of realized signals up to
period ¢ by 7 (wt,a’™) = (y(wbM), y(wh@ at=BM) ... ~(wh at"h)). To ease no-
tation, we write p(at|w’, o) and p(af|w!, a™, o), instead of p(at|yt(wt,a"*V), o) and
p(af|yH(wt, a"®1), a7, o), respectively.

For a'~! € X! the measure ! (-|a’~!) and the function 7 induce a probability
measure over private signal profiles, uf(Bla'™!) = u! ({w! : vH(w!, at™t) € B}|a'™t),
for B € M(S"). Let i (-|a"~') be the marginal of x} on player i’s signals in S!.

Finally, for every t € IN, we assume throughout the existence of a transition prob-
ability pig |, : SITEx X — A(S;) satistying dpl (st|a'™!) = du;|8i(s§’t|s?(t_1), at~1) x
dﬂii_l(st"(t_l)‘at_l’(t_2)>~

Expected payoffs. For every ¢ € IN, a strategy profile ¢ € X, a signal his-
tory function ~?, and the state transition probability p induce a probability P*(-|o)
over ' x X*. Player i’s expected payoff is U;(0) = >_,on Uit(0), where Ujy(0) =
Jorwxe 9i(w', a') dPH (W', a|o).

Similarly, for 7 € IN, we define player ¢’s continuation expected payoff from o €
¥ after history (w™,a™") € #H7 as Uj(olw™,a™") = 3o U lo|lw™,a™ "), where

U(olw™,a™ 1) = Y [ g ad)dP (", a'|o,w™,a™ ) and P'(-lo,w™,a™ ') is a
ate XtQt
probability over Q! x X* induced by o and (w”,a™ ).

We impose two requirements on players’ expected payoffs throughout our analysis.
First, we assume that a bound on the sum of per-period expected payoffs is finite.

Formally, for each i € N,
Z sup |Ui(0)] < oc. (boundedness)

teN oED
This condition is satisfied if, for each ¢ € N, the following stronger condition holds
Z sup |g;(w', a")| < oo. (2)
teN (@"a)
Notice that (2) holds in games with discounted payoffs, i.e., g;(w’, a’) = ' - u;(w', a'),
where 6 € (0,1) and u;(w’, a') is bounded for i € N, (W', a') € QF x X*. Moreover, (2)
is also satisfied in games where payoffs decrease in ¢ slower than geometrically, e.g.,
gi(w', a") = 5 - uy(w', a’). In general, our boundedness condition is weaker than (2)

as it holds in a class of games with stochastic move opportunities that end in finite
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time with probability 1 and have bounded expected length, while (2) does not (see
Lemma 3).'2

We also require expected payoffs conditional on past signals to be continuous in
past actions, which holds immediately when the action set, X, is finite. If X is
infinite, assume there is a transition probability uj,  : S* x X'™' — A(Q) such that
dpl,(Wa"t) = dpf, (W']st, a" 1) x dpl(s'|a'!), for t € IN. For every i € N, t € N,
the function g;; : S* x X* — R defined as

Gis(s' a’) ::/ gi(w', a") duﬁj‘s(qut,at’(t_l)) (continuity)
Qt

is continuous in a' for every st in a u!-full measure set.!®> Notice that we require payoff
continuity with respect to the history of action profiles, not signals or states. This
assumption is weaker than continuity in the action history when the state transition is
modeled as Nature’s moves, which implicitly assumes continuity in the state as well.
This latter form of continuity is also present in the literature; it is assumed by Harris
et al. (1995), He and Sun (2020), and Myerson and Reny (2020), among others.

2.2 An Application

We preview some of our findings by formalizing an interesting class of games for
which we establish the existence of a sequentially rational equilibrium. Existence in

this class follows from Corollary 1 in Section 3.3.

APPLICATION 1 (Dynamic games with Lebesgue signals). Each state of the world
w € Q) can be written as w = (8, ¢€):
- 5 = (3i)ien, where 3; € R%, ¢; € IN, represents the fundamental signal component

of player i € N;
- € = (€)ien, where ¢; € R% represents the idiosyncratic noise term of player i € N.

Each player i € N observes a private signal 7;(8,€) = 8; + ¢;, which combines their
fundamental component and noise term. Furthermore, each s; and ¢; may or may not
affect payoffs.

Assume that: (a) for every t € IN, there exists a continuous and bounded density

fi(st et ... el at™1) such that the joint distribution of § and ¢, conditional on the

Y n?

2Inspired by Fudenberg and Levine (1983), one can define continuity at infinity in our setting
by requiring sup,, . | >~ Us 1(0) = Us(0”)| = 0 as 7 — oo. Our boundedness condition is stronger
as it implies Y7 _sup, ,/ |U; (o) — Ui(0')] = 0 as 7 — oc.

I3For every t € N, B € M(S?) is a p-full measure set if p'(Bla'~!) =1 for every a'~t € X'~1.
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action profile history a'~! € X*~1, can be written as

dpt (85, €, ehla™h) = U8 e eh, a ) dpd (8t at ) x dAY(€')

where ! denotes the marginals with respect to §" and A’ denotes the Lebesgue mea-
sure over real vectors, respectively; (b) for every i € N, and private signal s € S,
the set of fundamental components which, combined with some noise term, can yield
st has positive measure; (c) for every ¢t € IN, dut(-|Ja’™!) is continuous in the ac-
tion profile history a’=! € X*! in the topology of weak convergence of probability

measures.14 <

The class of games included in Application 1 encompasses a wide range of eco-
nomic applications. It can model dynamic oligopolistic competition (Athey et al.,
2004; Athey and Bagwell, 2008), where firms repeatedly interact in a market, set-
ting quantities or prices based on idiosyncratic demand signals. The framework also
applies to sequential auctions with interdependent values (Jofre-Bonet and Pesendor-
fer, 2003; Aoyagi, 2003; Skrzypacz and Hopenhayn, 2004), where buyers submit bids
informed by signals about their value for the auctioned good. Moreover, it extends
to contexts such as currency attacks (Morris and Shin, 1998), where strategic deci-
sions are informed by private signals about fundamental values, and global games of
regime change (Angeletos et al., 2007), where players decide to attack a regime based
on signals about its evolving strength. Notice that the noise structures in these appli-
cations conform to our assumptions, typically featuring additive independent normal

or uniform noise terms.

2.3 Examples: Payoff Discontinuity and Non-existence

Without additional requirements on signal transitions, equilibrium existence is not
guaranteed. The following two examples illustrate potential payoff discontinuities in
infinite games with asymmetric information, emphasizing how these discontinuities
can lead to non-existence. The first example demonstrates that players’ payoffs may

be discontinuous in their strategies, a phenomenon known as strategic entanglement.'>

14 A sequence of probability measures over Y, (p,)neN, pn € A(Y), converges weakly to p € A(Y)
if limy, 4o [ fdp, = [ fdp for every bounded, continuous function f:Y — R.

15This issue was identified by Simon and Stinchcombe (1989), Bérgers (1991), and Harris et al.
(1995), among others. The term “strategic entanglement” was coined by Myerson and Reny (2020).
Example 1 is analogous to Example 2 in Milgrom and Weber (1985), Example 2.1 in Cotter (1991),
and Example 2.1 in Stinchcombe (2011).
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This discontinuity prevents the application of standard fixed-point arguments to prove
existence. The second example adapts the non-existence case by Harris et al. (1995)
to our framework with countable actions. We revisit these examples later to provide

intuition for our results.

EXAMPLE 1 (Strategic entanglement). Consider a two-player game where both play-
ers observe a public signal s, drawn from a uniform in [0, 1], before they choose an
action A or B. The following sequence of strategies generates a payoff discontinuity.
For each player i € {1,2}, and n € IN, define 0*(A|s) = 1if s € [(k—1)/2", k/2"] for
odd k, and of"(A|s) = 0 otherwise. Players choose the same action as a function of
the signal, but as n increases, players switch actions over progressively finer intervals.

Figure 1 illustrates the first three strategies in this sequence.

al(Als) =1

Figure 1: Sequence of strategies generating strategic entanglement.

Each player ¢’s limit strategy o must choose A and B with equal probability,
independently of s.'® However, the limit of the probability over action profiles o7(+|s)-
oy (|s) yields a perfectly correlated distribution: (A, A) and (B, B) each occur with
probability 1/2, independent of s. Since lim,,_,o o} (a1]$)-0% (as|s) # o5 (ai|s)-05(az|s)
for (a1, as) € {A, B}? the players’ expected payoffs, which depend on the probability
over action profiles, are discontinuous with respect to their strategies. Consequently,
the best response correspondence may fail to have a closed graph, invalidating the

conditions required for Nash’s classical fixed-point argument. <

Strategic entanglement has substantive implications for equilibrium existence. For
instance, Simon (2003), Hellman (2014), and Simon and Tomkowicz (2018) construct
one-period Bayesian games with finite actions that lack any Bayes-Nash equilibrium.

While strategic entanglement can occur in static settings, the following exam-
ple illustrates a distinct form of discontinuity that emerges in multi-period games,

potentially leading to equilibrium non-existence.

6 Formally, o} is the weak limit in the space of probability measures.
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EXAMPLE 2.1 (Harris, Reny, and Robson (1995)). Consider the following game. In
the first period, player A chooses action a € A = U,en{—1/n,1/n}U{0} and player
B action b € {L, R}, while in the second period, after observing the moves previously
occurred, players C' and D choose ¢ € {L, R} and d € {L, R}, respectively. Players
C and D’s payoff functions are identical and depend only on action a: Playing L
yields a payoff of —a and R of a. That is, the second period players strictly prefer to
play L if a < 0, R if a > 0, and are indifferent otherwise. Player B wants to guess
the future choice of player C' and gets a payoff of I.—;y — Iy.—gy if b = L and of
2 - (JI{C:R} — Il{C:L}) if b = R. Player A’s payoff is as follows

—|a] . ﬂ{bzc} + ’CL‘ . ]1{1,750} —10- Il{cyéd} — %|CL‘2.

If B and C' make the same choice, A obtains a payoff of —|a|, and |a| otherwise; if C'
and D make different choices, A obtains a negative payoff of —10; A gets —3]a|®.1”
As argued by Harris et al. (1995), this game does not possess any subgame perfect
equilibrium. In our case, A’s action set is countable rather than uncountable, but their
argument for non-existence applies unaltered. Intuitively, A would like to minimize
the probability that B guesses correctly while ensuring that C' and D are perfectly
coordinated. This can be achieved if A randomizes uniformly between a positive and
a negative number, say a = ¢ with probability % and a = —¢ with probability %
However, for any § € A with § # 0, A incurs the cost %\(5 2 > 0, which approximates
zero as 0 — 0. In the limit, A’s mixed strategy becomes degenerate, which does not

allow C' and D to coordinate their actions in a random way.'® <

3 Equilibrium Existence

We now introduce sequential absolute continuity (SAC), the main assumption of our
analysis. This condition restricts the transition of private signal profiles by requiring;:
(a) absolute continuity with respect to the product of the marginal measures of each
player’s private signals; (b) boundedness and continuity in the action profile history
according to a novel norm, which implies continuity in the total variation norm.

Let Z be a countable set and Y a measurable space. The strong total variation

"Notice that the game falls within our framework by assuming there is no payoff-relevant state,
ie., € is a singleton, and second-period players receive a perfectly informative signal about the
moves that previously occurred, i.e., sc = sp = (a,b).

18See Supplemental Appendix B.7 for a detailed explanation.
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norm of a transition measure € : Z — M(Y) is

el =sup { €l [{¥ihier € 70), (s3her € 2,
jEI
where 7(Y") denotes the set of finite measurable partitions of Y. For a subset Z C Z,
let £]; be the restriction of ¢ to Z, and, for an element 2 € Z, let £*(-|2) := £(+|2) for
every z € Z. We say that £ is continuous in Z in the strong total variation norm if,
for every z* € Z and ¢ > 0, there is § > 0 such that [|(§ — &)|pir 0| g < €.

Boundedness and continuity in the strong total variation norm guarantees that

whenever the transition probability admits a density with respect to some z-independent
measure, such a density is also bounded by a z-independent, L' function on Y and
continuous in Z (see Proposition 5). A density satisfying these conditions is called a
Carathéodory integrand.*®

oy — 0 as
z — 2%, i.e., as z approaches z* it cannot vary across partition elements. Therefore,
20

Notice that £ is continuous in the total variation norm if Hfz — &7

this form of continuity is weaker than continuity in the strong total variation norm.

ASSUMPTION (Sequential absolute continuity). The following holds:
(a) For everyt € N, a'~' € X1 ul(-|a’™') is absolutely continuous with respect to

the product measure HieN Méi(,mtﬂ);

(b) For every t € N, pl is bounded, and continuous in X*=' in the strong total

variation norm.

SAC extends the absolute continuity condition of Milgrom and Weber (1985) to
dynamic games. In their static setting, signals correspond to types, and the absolute
continuity condition requires the joint type distribution to be absolutely continuous
with respect to the product of players’ marginal type distributions, coinciding with
SAC(a). SAC(b) holds trivially in one-period games as X° = ().

In a dynamic environment, sequential absolute continuity imposes two key re-
quirements: (a) Absolute continuity must hold conditional on every possible history
of play. This means that the joint distribution of players’ signals, given any sequence
of past actions, can be expressed in terms of the product of individual players’ sig-

nal distributions; (b) The distribution of signals must be continuous with respect to

198ee footnote 36 for the formal definition of a Carathéodory integrand.
20Example 4 in Supplemental Appendix C.1 constructs a norm that is continuous in total variation
but discontinuous in strong total variation.
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past play and bounded in the strong total variation norm. This condition implies
continuity in both the total variation norm and set-wise continuity.?! Consequently,
any game violating these weaker forms of continuity necessarily violates continuity
in the strong total variation norm. The latter is the case in Example 2.1, where the
distribution of signals fails to be set-wise continuous (see Example 2.2).

SAC is always satisfied if the action and signal spaces are not too large. For
instance, SAC(a) holds if the set of signals \S; is countable for all but at most one
player, while SAC(b) holds if, for every player i € N, the action set X; is finite.

In general, even with finite action sets, SAC restricts the information structure of
the game. For instance, when the state is drawn from a non-atomic distribution on the
reals, players cannot commonly observe the state without violating SAC(a). Example
1 illustrates this violation: pl(D) =1 # 0 = pl x pi (D), where D = {(s1,s2) €
[0,1]%|s1 = s9} is the diagonal set, and each y,, is uniform on [0,1], ¢ € {1,2}.

3.1 Constrained Equilibrium

We define a constrained equilibrium that must (i) put a positive weight on each
available action, and (i¢) be optimal within the set of constrained strategies given the
constrained strategies of the opponents.

For every ¢ > 0, a measurable function &; : {(h;, a;)|h; € #;,a; € X;} — (0,1)
is an e-tremble of player i € N if ZaieAi(hi) i(hi,a;) < e for every h; € #;, and
&i((st,at™1),a;;) is continuous in (a!™', a;;) € (X;)! for every st € (S;)!. We denote
by € = (&;)ieny an e-tremble profile, by &(e) the set of e-tremble profiles, and by
& = U.508(e) the set of e-tremble profiles for any positive e.

Given € € &, a strategy profile is £-constrained if, at each private history h; € #4,,
each player i € N puts at least &;(h;,a;) weight on each action a; € A;(h;). We
denote by X;(£) the set of player i’s &-constrained strategies, and by ¥(£) the set of

é-constrained strategy profiles.

DEFINITION 1. Let € € & An é-constrained strategy profile 0 € X(€) is an £-

constrained equilibrium if, for every player ¢+ € N,

UZ(O') Z UZ'(O';,O'_i) \V/O'; c ZZ(§>

*Formally, set-wise continuity requires that, for each S € M(S*) and each sequence a™ — a, we
have 1i5(S | a™) = (S | a).
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THEOREM 1. Let I' be a dynamic game that satisfies sequential absolute continuity.

For every € € &, I' has an £-constrained equilibrium.

The proof of our main theorem builds upon Balder’s (1988) argument, but is
technically involved and consists of the following key steps. First, we identify each
player i’s constrained strategy, o;, with its induced transition probabilities over ac-
tion histories, p;(+|-, ;). We endow each player’s strategy space, now represented as
transition probabilities, with the coarsest topology that makes every expected payoff
functional continuous in transition probabilities—a topology Balder (1988) terms the
weak topology. Equipped with the product topology, the strategy space is both convex
and compact, and the best response correspondence is convex-valued.

Next, we demonstrate that each player’s expected payoff is continuous in strate-
gies, a result implied by sequential absolute continuity. For every ¢+ € N, t € IN,
a=! € X1 SAC(a) allows us to write

dupl(sh, ... st|a"™) = f(s, ..., 8", a" ) din(sh) x ... x du,(sh), (3)

where each v; € A(S}) is a probability measure, and f is a density function. Proposi-
tion 5 establishes that, whenever ! (-]a*~!) can be written as in equation (3), SAC(b)
holds if and only if the density f is a Carathéodory integrand. This implies that,
if u!(-la™!) has a density that is a Carathéodory integrand with respect to one
product measure, densities with respect to any other product measure will also be
Carathéodory integrands.?? Therefore, equation (3) and our continuity condition im-
ply that players’ expected payoffs can be written as the integral of Carathéodory
integrands over a product measure over players’ signals. Theorem 2.5 in Balder
(1988) then implies the continuity of expected payoffs, ensuring the non-emptiness
and closed-graph properties of the best-response correspondence. Hence, SAC pre-
vents the strategic entanglement of Example 1.

Notice that we define the topology over transition probabilities on action histo-
ries, rather than period-by-period behavioral strategies, to capture potential strategic
entanglement of each player’s strategy across periods. If the topology were defined
over behavioral strategies, continuity would not follow.

With these properties established, we invoke the Kakutani-Fan-Glicksberg fixed

22To the best of our knowledge, we are the first to characterize the continuity properties of its
supporting densities via continuity with respect to a norm. Our results show that continuity with
respect to the total variation norm is not sufficient to ensure continuity of the density.
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point theorem?? to prove the existence of a fixed point of the best response correspon-
dence over transition probabilities. Finally, we recover the equilibrium strategy from
this fixed point by computing the probability of a sequence of actions up to a given
period and dividing it by the probability of the sequence up to the previous period.

We next investigate the sequential rationality properties of constrained equilibria.
In particular, we show that every constrained equilibrium o prescribes an optimal
course of action for each player, conditional on any set of private histories.

For every player i € N, and period ¢ € N, define the function Af : #' — #! as
Af(w', at™1) == (y(w!, a1, al™Y). This function projects the full history (wf,a’™1) €
' onto player i’s corresponding private history. For every o € X, Z € N (3¢)),
the probability that player i’s private history belongs to Z under o is Pi(Z|o) =
P!((h!)~Y(Z)|o), where abusing notation P'(-|o) denotes the probability measure over
#H' induced by o. Whenever P;(Z|o) > 0, we define player ¢’s period-t beliefs over
C € M(F") conditional on Z as

PHC N (kY)Y (Z)|o)
Py(Z|o)

PH(C|Z,0) =

Finally, for every pair of strategy profiles 0,6 € ¥, and Z € NM(#¢!), t € N, player

1’s expected payoff conditional on Z from o and & is defined as
Ui(6|Z,0) = / Ui(6|wt, a1 dPH (W', a7 Z, o),
get

where o and 6 determine the conditional belief and the expected payoff, respectively.?*
Given an e-tremble, an é-constrained strategy profile is an é-constrained condi-
tional equilibrium if it tests each player’s rationality at every set of private histories

occurring with positive probability.

DEFINITION 2. A strategy profile o € X(), for £ € &, is an &-constrained conditional
equilibrium, if, for every i € N, t € N and Z € M(#}) satisfying P;(Z|o) > 0,

Ui(o|Z,0) > Ui(ol,0_4|Z,0) Vo! € ().

PROPOSITION 1. If ¢ € &, and o s an é-constrained equilibrium, then o is an

g-constrained conditional equilibrium.

23Corollary 17.55 in Aliprantis and Border (2006).
24 Alternatively, we can define & as a continuation strategy of o after private histories in Z.
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3.2 Trembling Hand Perfect Equilibrium

Inspired by Selten’s (1975) seminal work on finite games, we define trembling hand
perfect equilibrium as the limit of constrained strategies as their e-trembles vanish.
Consider a sequence (g,)nen in IR converging to zero, and a corresponding sequence
of £,-constrained equilibria o™, where £,, € (g,,). Theorem 1 guarantees the existence
of such sequences. As with constrained strategies, where we use transition probabil-
ities to obtain continuity of payoffs, we need to construct the limit strategy from
the limit of transition probabilities. However, this approach encounters difficulties as
€, — 0. While constructing strategies from transition probabilities is straightforward
for e-constrained strategies, a challenge arises when the limit strategy may assign zero
probability to some action histories. In such cases, the previous construction becomes
undefined along these paths.

To address this challenge, we introduce non-vanishing transition probabilities that
preserve information about strategies even after zero-probability histories. These
probabilities are analogous to those used in the e-constrained case but are well-
defined in the limit. We then infer the limit strategy by taking the limits of these
non-vanishing probabilities, allowing us to characterize the trembling hand perfect
equilibrium even in cases where some histories become infinitely unlikely.

For every i € N, t € IN, let o be a probability measure over S!. Consider a
sequence of transition probabilities (\"),en, where A™ @ ST — A(X}). We say that
(A")nen converges to X* in the weak topology of (St x X!, al) if for every Carathédory
integrand ¢; on (S! x X!, al), the following convergence holds

/Z¢Z z’z/\n t|S dOé %/qul 172)\* t|8)d0[()

7, teXt Z tEXt

For every i € N, t € IN, define the function a; over (s! a?’(tfl)) € H,, for any

1) 7

given o; € ¥; as follows

a;(st,al; o) = {a |T:min{%§t 1II5L oi(a Msf ,az(g b )>0}}.

i Qg
This function truncates a! up to period 7, which is the latest period before ¢t — 1
where player i’s action aQ has zero probability under strategy o;, as a function of i’s
signals. In particular, if o;(a ‘st (T), Z(T_l)) > 0, for every 7 < t — 1, then 7 = 0,
and if ai(a§7;|s§’(%), af’(%_l)) = 0, for every 7 <t —1,thent=¢t—-1

For every i € N, t € IN, we define a reference measure for player i as vi € A(S?)

satisfying:
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- For each a'~' € X', 1! (-]a’"") is absolutely continuous with respect to v/};
- There exists a transition probability v;; : SI™' — A(S;) such that dv!(s!) =
dvyi(st,|st@ ) > vt~ (spY).
A reference measure satisfying these conditions can always be constructed in our
environment.?®
DEFINITION 3. A strategy o* € X is a trembling hand perfect equilibrium if:
(7) There exist sequences (£, )nen I Ry, (€,)nen in &, and (0™),en in X satisfying:
o &, € 8(ey) for each n € N,
e 0" is a £,-constrained equilibrium,
e lim, e, =0;
(17) For every i € N, and 7,t € IN with 7 < ¢, there exist a transition probability

pi(-|- al) : St — A(XY), for a € X7, and a reference measure v/, such that:

e pi(-|-,al, o) converges to pi(-|-,al) in the weak topology of (S! x X! vl),

e For (st,a"" V) € 3, and aﬁ’ = a;(st, at; 0y):

(2Rt 79 Yo

t £,(7)
t(t—l) o pz( |827 a; )
Ui( Zt|827 a; )_ «( L—1)| 6(—1) t,(7) (4)
p; (ai |si ) &y )
This definition characterizes a trembling hand perfect equilibrium (THPE) as the
limit of a sequence of &,-constrained equilibria (0™),cn as the trembles e, vanish,
extending Selten’s (1975) notion of perfect equilibrium to infinite games. For each

player + € N, the limit strategy o} is constructed from the weak limits p; of the

transition probabilities induced by of". Specifically, o} is defined in equation (4) as
the ratio of these limiting probabilities, where the numerator is positive as it captures
the probability of action histories following the last action with zero probability in the
limit strategy. This construction preserves information about off-path play and, under
SAC, ensures convergence of players’ payoffs to the limit payoffs, thereby guaranteeing
subgame perfection (Proposition 2). Our notion of convergence coincides with Selten’s

pointwise convergence in finite games, while extending naturally to infinite settings.

PDefine, for instance, vy : S; ' = A(S;) as dvig(sidlsi ") = 3oy &GlatTh)
du';i‘si (si4]si71 a?™1) where &; is an arbitrary collection of strictly positive weights, i.e., for every
teNandate X! ga!) >0and Y imic e &(ah) = 1
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THEOREM 2. Let I' be a dynamic game that satisfies sequential absolute continuity.
Then, I' has a trembling hand perfect equilibrium.

The following result shows that a THPE is subgame perfect and, therefore, a Nash
equilibrium.
A strategy profile o* = (07 );cn is a Nash equilibrium (NE) if no player can uni-

laterally deviate to improve their payoff. Formally, for every ¢ € N and o} € ¥,
UZ(O'*) Z Ui(O'g, O'il)

A history (wf,a'™!) € # is the root of a proper subgame if it uniquely deter-
mines each player’s private history. Formally, for every (@,a'™') € #, t € N, if
(YW, at ), al ™) = (Y@t atth),al !t for all i € N, then (wf,a'™!) = (@, a'™1).2
Let #7 C # denote the set of all such histories. A set H € NM(#) is negligible if
PY(HN#" o) =0 for every t € N, 0 € X.

Finally, o* is a subgame perfect equilibrium (SPE) if it induces a Nash equilibrium
in every proper subgame, except possibly for a negligible set. Formally, there exists a
negligible set H € 1M (#) such that for every i € N, t € N, o/ € 3;, and (w',a'!) €
(#7Nat")\ H,

Ui(o*|wt, a'™Y) > U(o}, 0% |, a' ).
PROPOSITION 2. [fo* is a trembling hand perfect equilibrium, then it is a subgame

perfect equilibrium and, a fortiori, a Nash equilibrium.

The following example demonstrates that the game introduced by Harris et al.
(1995) and described in Example 2.1, which lacks a subgame perfect equilibrium,
violates SAC(b), highlighting the importance of this condition in our equilibrium

existence result.

EXAMPLE 2.2 (Harris et al. (1995), continued). Consider any sequence of player
A’s actions (a,)nen in A where a,, # 0 for all n € N and a,, — a¢ := 0. Notice that
players C' and D'’s signals at the beginning of period ¢t = 2 consist of players A and
B’s actions. For every i € {C, D}, n € N, and b € {L, R}:

- Yilan, b) = (an, b);

- m({siy = (0,0)}(an, b)) = 0.

26This definition adapts Myerson and Reny’s (2020) subgame notion to our setting.
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Therefore,
Tim 2({s2, = (0.0)}(@n,5)) = 0 # 1 = 2({s2, = (0.5)}] (a0, ).

This set-wise discontinuity in the signal transition implies a violation of SAC(b). <

3.3 Noisy Informational Asymmetries

Sequential absolute continuity and noisy informational asymmetries are closely inter-
twined. We show that, even in games which lack conditions for existence, adding small
amounts of idiosyncratic noise to players’ private signals can ensure SAC, provided
this noise satisfies certain absolute continuity conditions. Specifically, SAC(a) holds
when players cannot perfectly infer the original signals from their noisy observations.
SAC(b) is satisfied under weaker continuity requirements on the original signal tran-
sitions, given additional regularity conditions. Both SAC(a) and SAC(b) conditions
are often met when signals are real-valued and the noise is additive and absolutely
continuous with respect to the Lebesgue measure. For example, additive ¢.2.d. noise
following uniform or normal distributions typically satisfies the requirements for both
SAC(a) and SAC(b).

Introducing noise to players’ observations mitigates discontinuities arising from
perfect information about other players’ signals or actions. In cases of strategic en-
tanglement, as illustrated in Example 1, noisy observations prevent players from finely
tuning their strategies based on their opponents’ private signals. This noise effectively
smooths out the joint distribution of signals, rendering it absolutely continuous with
respect to the product of players’ marginal distributions. Similarly, in games like
Example 2.1, adding noise to the observation of previous actions allows the signal
distribution to vary more smoothly with players’ moves. This prevents the abrupt
changes that occur when actions are perfectly observable.

We say that a dynamic game has decomposable noisy signals if, for every ¢ € N

and t € IN, each player i’s period-t private signal can be represented as
Sit = mi(§z’,t, Ei,t)a
where 3;; € S; denotes a fundamental signal component and ¢;; € &; represents a

noisy random variable. The spaces S; and &; are Polish spaces endowed with their

Borel o-algebras.?”

TWe use the notation: € = (€14,---r€nt)y St = (814y---s8n1), m(31,6) =
(m1(81,5€1,4)s - smn(8nty €nt)), mi(8€") = (m(8,€h),...,m(8L,€l)), € = (e1,...,€), and § =
(81,...,8).
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For every t € IN, denote by 5 (-la*") and pl(-|a*~") the distribution of (&', €')
and €' conditional on a'~' € X', respectively. Let p! (-]a'"') be each marginal of
pt(-lat=1) for i € N.

AssUMPTION (Noisy observability). The following conditions hold:

(a) Foreveryt € N anda'™' € X*, pf (-[a"™") is absolutely continuous with respect
to pg(+1a’™") X [Tiew pe, (-la'™");

(b) If pt(S|at=") > 0 for S € M(S"), then

5(5) = {s €S| Teek, (3,6 € (mt)_l(S)}

satisfies ([Ticn 1t (-lat=))(S(S)) > 0.

Noisy observability imposes two requirements: (a) The joint measure of the fun-
damental signal component §' and the noise term € is absolutely continuous with
respect to the product of the measure of the fundamental signal component and the
product of the marginal measures over each player’s noise. This holds for every period
t € IN and history of actions a'~! € X*~1; (b) If a set of histories of signal profiles S
has positive measure, then its projection onto the space of histories of fundamental
signals, denoted by S (3 ), has positive measure according to the product measure of
the marginal distributions of each player’s fundamental signal component.

The following lemma provides a sufficient condition for noisy observability (b).

LEMMA 1. If noisy observability (a) holds and, for everyi € N, t € N, st € S},
ph ({5 € S!|3et € &L, ml(5, €l) = s'Y) > 0, then noisy observability (b) holds.

Notably, when signals are real-valued vectors and noise is additive, i.e., S; C R%
and m;(8;,¢;) = 8; +¢; for i € N, ¢; € IN, noisy observability holds under certain

conditions. For instance, it is satisfied if ¢; is 4.7.d. and
dut(ers, . endla™) = flers €aty oy €ng, @) - dN(e10) X ... x dA(€ny), (5)

where: A% is the Lebesgue measure over R%; fi(e,a’~') > 0 implies f!(¢,a’"!) > 0
for every ¢ in a neighborhood of € and every a'™' € X' !; every & € St has a
neighborhood with positive measure.

The next result shows that “adding some noise” to the players’ observations, sat-

isfying noisy observability, yields SAC(a).
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PROPOSITION 3. Noisy observability implies SAC(a) in any game with decompos-

able noisy signals.

Next, we investigate which noise structure implies SAC(b) by characterizing a
class of signal profile distributions that are bounded and continuous in the strong
total variation norm. For every t € N, let pf (-|a*~") be the distribution of (s, s")

conditional on a!~' € Xt 1.

ASSUMPTION (Sequentially continuous noise). The following holds:

(a) For everyt € N, a'™' € X' ut(-|a’™1) is continuous in a'™' with respect to the

topology of weak convergence of probability measures.

(b) Foreveryt € N, a"~" € X'71, dul (s*, 8" |a"") = f(s', 8", a' ") dpl(5'|a*")dit (")
where it € A(S") and f is a bounded density such that, for a fi-full-measure set

S c S, f(st,-,) is continuous for every s* € S.

Sequentially continuous noise imposes two conditions: (a) The measure of the
fundamental signal component pt(-]a’~!) must be continuous in the history of action

=1 with respect to the topology of weak convergence of probability mea-

profiles a
sures. Notice that this is a weaker continuity requirement compared to SAC(b). In
particular, it holds whenever &' is a deterministic and continuous function of a’~!, as
in Example 2.1; (b) The joint measure of the signal and fundamental signal pf ,(-|a*~")
must be absolutely continuous with respect to the product of the fundamental sig-
nal measure y(-|a’™!) and a probability measure over the space of signals ji’(-) that
does not depend on the history of actions. Furthermore, the corresponding density

function f(s', 5", a*~') must be bounded and almost surely continuous in &' and a'~'.

PROPOSITION 4. Sequentially continuous noise implies SAC(b) in any game with

decomposable noisy signals.

For real-valued vector signals with additive noise that is absolutely continuous with
respect to the Lebesgue measure, we derive a simpler condition implying sequentially
continuous noise (b). This condition is satisfied even by arbitrarily small independent

noise added to the fundamental signal.

LEMMA 2. [f the following conditions hold then sequentially continuous noise (b) is
satisfied:
1. Noisy observability (a) holds; S; € R, and m;(5;,¢;) = 3;+¢; fori € N, £; € N.
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2. For everyt € N, a'~! € X1 pl(-|a’™') is absolutely continuous with respect to
the Lebesque measure . The density f*: &' x St x X~ — R with respect to the
product of pit(-|a*=1) and X' is bounded and there is a full measure set S* € M(S*)

s.t., for st € St f(s', 8, a1 = fi(s' — &, 8", al") is continuous in § and a'~.

Thus, by Proposition 4 and Lemma 2, if the density function f! in equation (5)
is additionally almost surely continuous in €, then sequentially continuous noise (b)
holds.

Lemmas 1 and 2 enable us to apply Propositions 3 and 4 to the class of games

introduced in Application 1, thereby establishing equilibrium existence.

COROLLARY 1. Let I' be a dynamic game with Lebesque signals as in Application

1. Then, I" satisfies sequential absolute continuity.

Example 2.1 features countable signals, ensuring SAC(a) holds. Proposition 4
then implies that adding independent, uniformly distributed noise to the observation
of player A’s actions yields equilibrium existence. This result follows from funda-
mental signals being deterministic and continuous functions of past actions, and thus
satisfying continuity in the weak convergence of probability measures. We apply this

result to Example 2.1 by characterizing an SPE.

EXAMPLE 2.3 (Harris et al. (1995), continued). Assume that, instead of perfectly
observing (a,b), each player ¢ € {C, D} observes s; = (a + u;, b+ ;) where u;, 4; ~
U[—0, 0], for § € A, are independent, uniformly distributed private signals. Notably,
the noise range 6 can be arbitrarily close to zero.

The following strategy is an SPE. Player A randomizes uniformly between the
actions 0 and —d. The other players’ best responses to A’s strategy are as follows: each
player i € {C, D} plays L if a + u; < 0 and R otherwise, while B sets 8 = 1/2.2% <

Harris et al. (1995) restores existence in this example, and more generally in games
with almost perfect information, by introducing a public correlation device at the
start of the second period. Our Corollary 1 demonstrates an alternative approach:
existence can be ensured by incorporating idiosyncratic noise into players’ private
signals, a result that extends to a wider class of dynamic games with informational

asymmetries.

28In Supplemental Appendix B.7 we show that this strategy profile is an SPE.
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4 Markov Games

We now introduce Markov games with informational asymmetries. In this environ-
ment, the set of the states of the world can be written as Q2 = QF x Q¥ which represent
the payoff-relevant and payoff-irrelevant states, respectively. For every i € N, play-
ers’ payoffs and state transition depend only on the current payoff-relevant state and
action profile, g; : QF x X — R and u : QF x X — A(Q). Additionally, in the
discounted payoffs case we can allow g; to depend on the period without including it
as part of the payoff-relevant states, i.e., g;(t,wf, a;) = 6 - u;(wf, as), 6 € (0,1). Each
player receives information about the current payoff-relevant and irrelevant state,
which we term payoff-relevant and irrelevant private signals, respectively. That is,
S; = S x S¥ and v; = (72, 4F) such that 4% : QF — SE and 4 : Upen®' — S¥. In
particular, the payoff irrelevant signal may contain information about the past that is
no longer payoff relevant. The available actions depend on the current payoff-relevant
signals, 4; : SF — X,.

For ease of exposition, we assume that regular conditional measures exist.?? In
particular, for every o € X, t € N, let pff,(-|-, 0) : Usendt; — A(QF) be the transition
probability from private history h; € #(;, i € N, to period-t payoff-relevant states
wy € QF conditional on strategy o.3°

For every i € N, player i’s strategy o; € ¥; is stationary Markov if it conditions
only on the current payoff-relevant private signal. Formally, o;(:|h;) = o;(-|s%(h)),
for each h; € #4,, where the measurable function s2(h;) projects each private history
h; onto the current payoff-relevant signal in Sf*. Denote by M C ¥; and ¥ the set
of player i’s stationary Markov strategies and strategy profiles, respectively.

We require Markov games to satisfy two additional conditions:

(1) Markov information. For every i € N, t € N, o e XM plf (-|h;, ™) =

uﬁt(-\fli, o™) for each hy, h; € #; such that s%(h;) = s%(h;);

(ii) Markov payoff. For every i € N, t € IN, s',5" € S* and o' € X', §;4(s',a") =
Gia(3", ) if st = (5ot (57 Ve<t)s 8 = (56" et (57 )e<t).

Markov information requires that if all players follow stationary Markov strategies,

then each player’s beliefs about the current payoff-relevant state, conditional on her

29 A sufficient condition for the existence of regular conditional measures is to assume that Q and
S are Souslin spaces. A subset of a Hausdorff space is Souslin if it is a continuous image of a Polish
space, i.e., a complete, separable metric space. See Corollary 10.4.6 in Bogachev (2007).

30See Supplemental Appendix B.4 for a formal definition.
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private history, depend only on the current payoff-relevant signal. This assumption
implies that the additional information contained in the private history is payoff
irrelevant for future decisions, and it formalizes the notion that bygones are bygones in
an environment with informational asymmetries. Markov payoff complements Markov
information by stating that payoff-relevant signal profiles determine payoffs, justifying
why stationary Markov strategies condition only on them.

Markov information and Markov payoff conditions are satisfied in various games
of interest. In standard stochastic games, these conditions hold naturally: the current
state of the world, observed by all players, serves as the payoff-relevant signal, and
flow payoffs depend solely on this signal and the current action profile. Notably, these
conditions can also be met in certain games with asymmetric information. Examples
include stochastic games with public and private shocks (Balbus et al., 2013), dynamic
cheap talk games (Renault et al., 2013), and asynchronous games, such as revision
games with or without observation of previous moves (Kamada and Kandori, 2020).
We discuss these Markov games in detail in Applications 2 and 3.

We now define Markov absolute continuity (MAC), which replaces SAC in Markov
games. Foreveryt € IN, set S := (S%)! and let v/ : Q! — S%! be the projection of
7t onto St For every a'~' € X', this projection, in conjunction with gl (-|a'=1),
induces a measure, p**(Clat™!) = ul ({w' € QF : yBY W) € C}a'™?), for C €
M (S*™*), over payoff-relevant signal profile histories. Let i}, (-|a'"!) be the marginal

of uf*t on player i’s period-t payoff-relevant signals in S*.

ASSUMPTION (Markov absolute continuity). The following holds:
(a) For everyt € N, a'~' € X7 pftt(-|at™1) is absolutely continuous with respect

to the product measure [ ],y Hegt Mé‘ie(.mt:(f*l));

(b) For every t € N, uft is bounded, and continuous in X'=' in the strong total

variation norm.

MAC neither weakens nor strengthens SAC, but rather modifies it in two ways.
First, it applies exclusively to payoff-relevant signal profiles. Second, MAC requires
that absolute continuity holds with respect to the product of marginal measures over
payoff-relevant private signals, taken not only across players but also across periods.

The following definition adapts stationary Markov perfect equilibria (MPE) to

games with informational asymmetries.
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DEFINITION 4. A stationary Markov strategy profile o™ € ¥M is a stationary

Markov perfect equilibrium if it is a trembling hand perfect equilibrium.

In standard stochastic games, where players observe the history of the game before
moving, an MPE is defined as a strategy profile that maximizes continuation payoffs
for each player. However, in settings featuring informational asymmetries, defining
continuation payoffs requires specifying beliefs over possible histories that are not
fully observed. To circumvent this issue, we define an MPE as a THPE in Markov
strategies. In light of Propositions 1 and 2, our notion exhibits desirable sequential

rationality properties and coincides with the usual one in standard stochastic games.?!

THEOREM 3. Let I' be a Markov game that satisfies Markov absolute continuity.

Then, I' has a stationary Markov perfect equilibrium.

The proof of Theorem 3 builds upon the ideas used in the proof of Theorem 2,
with two main novelties. First, the MAC condition ensures absolute continuity across
periods, which prevents strategic entanglement across periods and allows strategies
to retain their Markov properties in the limit. Second, we need to show that in a
Markov environment, when players employ Markov strategies, their opponents have
best responses within the class of Markov strategies. The latter is guaranteed by the
Markov information and payoff conditions.

Games in the following class are Markov and satisfy MAC.

APPLICATION 2 (Stochastic games with public and private shocks). This class
of games enriches standard stochastic games by incorporating independent, payoff-
relevant private shocks into the state space. Such a framework is well-suited to model
dynamic oligopolies, where firms set prices and the current public and private shocks
represent demand and firm-specific cost characteristics, respectively.

Formally, let QF = Q x [Licy ©: and O = X, where: Q is a set of countable,
commonly observed, payoff-relevant states, interpreted as public shocks; each ©; rep-
resents a, potentially uncountable, set of private shocks which are only observed by
player 7; X contains the previous period’s action profile which is also commonly
observed. Payoff-relevant private shocks display the following conditionally indepen-
dent structure, pu((&',0)|(@,0),a) = f(&', @, a) - [[;cn 1i(0|0") for every a € X, and

31Constrained equilibria in Markov strategies converge to MPE in the weak topology “period by
period”. This convergence implies the convergence for THPE. See Supplemental Appendix B.4 for
details.
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(@,0), (&, 0") € Q, where p; : Q — A(©;) is a transition probability, and f is inter-
preted as a density function.

For every i € N, MAC(a) holds since € is countable and each ©; is conditionally
independent; MAC(b) holds, by Proposition 5, if f is uniformly bounded and con-
tinuous for every (&', w, ). Furthermore, Markov information and Markov payoff are
satisfied (see Supplemental Appendix B.8). Therefore, by Theorem 3, there exists a
stationary Markov perfect equilibrium where each player’s strategy depends only on
the current public and private shocks.

An equilibrium exists even though players observe the history of action profiles,
which may appear at odds with the non-existence Example 2.1. Existence holds since
MAC restricts only the transition of payoff-relevant signal profiles, i.e., of public and

private shocks. «

5 Relaxing Discounted Payoffs

As discussed in Section 3, our payoff boundedness condition not only accommodates
but also generalizes the discounted payoffs assumption commonly employed by the
literature. This greater generality is substantive: we show that our payoff bounded-
ness holds for a class of non-discounted games, which we call games with stochastic
move opportunities, where players receive opportunities to move at random times.

Consider the following class of non-discounted games where players draw opportu-
nities to move at random periods. Opportunities to move are drawn from an interval
[0,7), with T" € R, U {oo}, and states of the world takes the form Q = [0,7) x Q,
where  is a set of underlying states that contains an absorbing state ¢, such that
for any t € [0,T), the game ends if (¢, 0"?) is reached.

For every ¢ € IN, period ¢ represents the £’th opportunity to move for any player,
and t, is the corresponding timing. For w, = (¢4, &) and wy = (ty, ), the state
transition probability is such that, with probability one, t, < t, whenever ¢ < ¢,
ensuring that later timings are assigned to later opportunities. Furthermore, for
wh e O if w! = (-,0) for some T < t then g;(w',-) = 0 for all i € N. That is, after
visiting the state @ for the first time, players do not incur flow payoffs.

Denote by H"t = {(w! a’) € O x X!|w! = (-, o), Wl # (-,0), ¢ < t} the
subset of Q! x X! in which the game ends in period ¢. The following lemma provides

a condition which implies payoff boundedness.
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LEMMA 3. If Y, .\t - supgyey PHH o) < o0 and Y, PH(H!|0) = 1, for
every o € 3, then payoff boundedness holds.

In games with stochastic move opportunities, Lemma 3 states that payoff bound-
edness holds whenever (i) the sequence in which the ¢-th element is ¢ times an upper
bound on the period-t probability that the game ends is summable, and (i7) the game
ends in finite time with probability 1.

A consequence of this result is that, when actions do not affect the length of the
game, i.e., P{(H*"%t|o) is independent of o, payoff boundedness is satisfied as long as
the expected number of opportunities to move is finite, and (i¢) holds. Notably, these
conditions hold in revision games (Kamada and Kandori, 2020), where opportunities

to move are drawn at exogenous Poisson rates independently of the previous play.??

6 Imperfect Observation of Moving Periods

Theorems 1, 2, and 3, and Propositions 1 and 2 hold in a broader class of games that
allows players to be inactive in certain periods. During these inactive periods, players
neither make moves nor record information in their private histories. Due to the
additional complexity this generalization entails, we present the complete details in
Supplemental Appendix B.1. This section outlines the main elements of this extension
and illustrates an application to Markov games.

Whenever active, a player receives informative signals about the history of states
and action profiles before moving; when inactive, a player neither observes signals nor
takes non-trivial actions. Private histories exclude information from inactive periods,
implying players may be oblivious to the number of moves that have occurred. We
assume that at least one player is active in each period, and without loss, that players
receive non-zero flow payoffs only when active.

Allowing for active and inactive players extends our analysis to settings where
players may not be informed whether moves have taken place in the past, thus in-
troducing uncertainty about the multi-stage structure of the game. Such games have
been studied in various contexts: Kreps and Ramey (1987) provide an early example

where players lack a sense of calendar time; Matsui (1989) considers an espionage

32Revision games can be represented as follows. Move opportunities arrive prior to an exogenous
deadline, T' < oo, at a constant Poisson rate. The underlying state space Q) contains two elements
{w®, @™}, The game starts in state w® and switches to @°"? as soon as a time larger than the
deadline is drawn. There is a finite constant set of available actions, and the players’ payofls realize

once the game ends.
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game with private revision opportunities; Kamada and Moroni (2018) examine out-
comes in coordination games with private timing; Doval and Ely (2020) investigate the
range of equilibrium outcomes that can arise across different information structures
and extensive forms for a given base game.

We apply the inactive player framework to the class of Markov games to show the
existence of stationary Markov perfect equilibria. See Supplemental Appendix B.8

for a formal description.

APPLICATION 3 (Asynchronous games). Assume that only one player is active at
each period, who perfectly observes the current payoff-relevant state and, possibly im-
perfectly, the payoff-irrelevant one. This ensures that the Markov information condi-
tion holds. By Proposition 5, MAC holds if du(wf|wf |, a;1) = f(wf Wl |, a;1)dv(wE)
for some bounded density f that is continuous in a;_; for each (wf,w! ) and some
measure v € A(QF).

Asynchronous revision games with finite actions, where moving opportunities are
drawn at Poisson rates (Kamada and Kandori, 2020), fall within this application. No-
tice that MAC still holds if we ascribe previous moving times to the payoff-irrelevant
states, even though these timings belong to an uncountable set. Thus, Theorem 3
guarantees existence of a stationary MPE, even when Theorem 2 may not apply due
to the possible violation of SAC.

Furthermore, Theorem 3 implies the existence of a stationary MPE in a class of
dynamic cheap talk games (Renault et al., 2013). These games model communication
between an informed sender and a receiver controlling state transitions.® Assuming
finite message and action spaces ensures that payoff boundedness, continuity, and
MAC hold, while allowing for an uncountable set of exogenous states observed only by
the sender. Theorem 3 guarantees an equilibrium where the sender’s strategy depends
on the receiver’s previous action and the current exogenous state, while the receiver’s

strategy depends on her previous action and the current sender’s message. <

A Appendix

The following lemma shows that each player’s expected payoff can be written in a

simple way as a function of p(-|-, o).

33To satisfy the Markov information condition, the state transition must be either independent
or controlled solely by the receiver’s action, without dependence on the current state.
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LEMMA 4. The function p(-|-,0) is measurable, the set ¥ is non-empty, and, for
each i € N, player i’s expected payoff when players follow strateqy o € % is given by

0) = Uilo), (6)

teN

where U, (o Z / gi(w', a') - plat|w!, o) dpt (w'|ab =),
Ot

ateXt

Proof. Define the correspondence A4; : #; = A(X;) as Aj(h;) = A(A;(h;)), where
A(X;) is endowed with the weak topology of probability measures. For each h; € #;,
A;(h;) is the set of probability measures with support in A;(h;). By Himmelberg
and Van Vleck (1975), A;(h;) is weakly measurable. By Theorems 15.19 and 18.13
in Aliprantis and Border (2006), A; admits a measurable selector. This shows that

34 since g; is bounded,

the set of strategies is non-empty. By Fubini- Tonelli theorem,
we can exchange the order of integration of the counting measure over actions and
the measure over states repeatedly to obtain that player i’s period-t expected payoff,

given o, is U; (o). O

Following Lemma 4, for ¢ € IN, we rewrite player ¢’s period-¢ continuation ex-
pected payoff from o € % after history (w™,a” ') € H™, 7 < t, as U; (o|w™,a” 1) =

tz . f gi(wt7 at) ~p(at|wt, CLT_I, U) dui(wt\wT, at’(t_l))_
ate XtQOt

Next, we provide a simplified proof of Theorem 1; see Supplemental Appendix B.3

for a complete proof.

PROOF OF THEOREM 1. Assume that the game has a finite length 7', X is infinite,
and A;(h;) = X; for each h; € #;, i € N.

Let € € §. We start by defining the relevant topology on the set of é-constrained
strategy profiles. For every ¢+ € N, t < T, we can construct what we call a refer-

ence measure v} € A(S}) such that, for each a'~! € X', ul (-|a*"") is absolutely

continuous with respect to v£.*> Define Lyt 3N — Roas
o t ot teot
lig(oi) = / Z pi(siy ai) - pi (aglsi, 03) dv(s7).
S ateX!

34Theorems 11.27 and 11.28 in Aliprantis and Border (2006).
35Footnote 25 exemplifies the construction of one such reference measure.
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The weak topology on ¥;(€) is the coarsest topology such that I; ;¢ is continuous for
every ¢t € CI(S! x X!, v), the set of Carathéodory integrands on (S! x X!, v!).36
The weak topology on X(£) = X;en;(€) is the product topology, where each ¥;(€) is
endowed with its weak topology.

Consider the set of induced transition probabilities #;(£) := {p;(-|-, 0:)|o; € 3i(€)}
and endow it with the weak topology defined in the same manner as above. Similarly,
let the weak topology on P(&) = x;enPi(€) be the product topology.3” For every
i € N, the resulting topological spaces ¥(€) and P(€) are homeormorphic. This

holds since, for every p;(+|-) € %;(€), there is a strategy, defined recursively as

b (at]st
ool st af ) = D) )

B A )

) € #;, where ﬁi(a?(o)bf’(o)) := 1, such that p;(:|-, 0:) = ps ().
For every (p;)ien € P(€), where p; = p;(-|-,0;) for some o; € 3;(€), i € N, let

for t € IN, (s, a?(t_l)
0i<<pi)ieN) := U;((0)ien) be player i’s expected payoff when players follow strategy

(0:)ien. Player i’s é-constrained best response correspondence r; : P_;(€) = P;(€) is
ri(p-i) € arg max{Us (i, p-i)|ps € Pi(E)},

and let r : P(€) = P(€) be the Cartesian product of the r; for each i € N.

Relying on the homeomorphism introduced, every fixed point of r is mapped to a
strategy profile that, by definition, forms an é-constrained equilibrium. By applying
the Kakutani-Fan-Glicksberg fixed point theorem, we establish that such a fixed point
exists. In particular, we show that: (1) #(é) is compact, and (2) convex; (3) r
has closed graph, (4) is non-empty, and (5) convex valued.*® As the arguments

establishing points (2) and (5) are standard, we omit them from the proof.

(1) #(é) is compact. By Theorem 2.3 in Balder (1988), for each ¢t < T the set
{pi(-]-, 0:)|os € 34(8)} is relatively compact,® implying P(€) is relatively compact. To

36 A measurable function f : Y x Z — R is a Carathéodory integrand on (Y x Z,[3), where
B € A(Y) and Z is a compact metric space endowed with its Borel o-algebra, if: (i) for every y € Y,
f(y,+) is continuous in Z; (ii) there exists ¢ € L1(Y, ) such that |f(y, )| < ¥(y) for every y € Y.
For every ¢ € L'(Y, ), 1 is M(Y')-measurable and [, |¢]|d3 < 4oo0.

3TWe view p;(-|-,0;) as a transition probability from U;<7S! to U< X!, where for each t < T
and s! € St, p;(-|st, ;) has support in X7.

38 As discussed by Balder (1988), the requirement that % (£) is a subset of a locally convex Haus-
dorff space is satisfied by considering equivalent classes of transition probabilities that induce the
same expected payoff. See Supplemental Appendix B.3 for further details.

39A set is relatively compact if its closure is compact.
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see that it is closed, let (0&),ca be a net of player i’s strategies, for some directed set

A, and suppose that p;(+|-, o) converges weakly to a transition probability represented

by the measurable function pf(-|-). Then pf(-|-) = p;i(+|-, 0}), for o} defined recursively
using equation (7). Lemma 6 in Supplemental Appendix B.3 shows that o} € ¥;(é).

Therefore, P(€) is compact.

(3) and (4) r has closed graph and is non-empty. By Radon-Nikodym theorem,
SAC(a) implies the existence of a density function f' : S* x X*~1 — R such that
dpt (st)at=1) = fi(s, at=1) - dpt, (shla=1) x ...ox dpd, (sh]a'™") for every t € IN. For
t € N, s' € S let v'(s') = [,y v (s)). Applying again Radon-Nikodym, we can
write
dpg(s')a’") = (s, a"71) - dvi(s]) x ... x dv(s),)

where f!: S* x X'™! — R denotes another density function. Thus, by combining
Lemma 4, payoff continuity and SAC(a), we obtain

T
Ui(p) = Z/ Z Gia(st at) - fi(st, a0 cp(at|st, o) dut(st) x ... x dv(sh).
t=1 75" ateXt

Proposition 5 shows that there is a version of f*(s*, a**~1) belonging to CI(S?, X*~1, )
if and only if SAC(b) holds. Thus, by Theorem 2.5 in Balder (1988), U;(p) is con-
tinuous in p, since, by payoff continuity, g;(st,a’) - f¢(st,a**=V) is a Carathédory
integrand for every ¢ < T. For every ¢+ € N, as the transition probability space
P (&) is compact, the continuity of U; implies that r has closed graph and that r; is

non-empty. U

We present next the proofs of the results that appear in Section 3.3.

PROOF OF PROPOSITION 3. Suppose that noisy observability holds. Let pl* =
[Lcn 1, be the product measure induced by the players marginals over their private
signals up to period t.

Let S € M(S) such that x%(S) > 0, and set B := (m')~'(S). By Lemma 4.46
in Aliprantis and Border (2006), since a Polish space is second countable, there exist
sets B € M(S?) and E(8) € M(&?) for each § € B such that we can write

B ={(3,¢)|5 € B,e € E(3)}.

Therefore, by noisy observability (a) we have
py(S) = pi (B) = / /( )f(§t,€t,at_1)duil(ﬁilat_l)---duin(€Z|at_1)dué(§t|at_l) >0,
B JE@s
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for some measurable density f : S* x & x X! — R. Hence, there is a measurable
By C B such that p'(By) > 0, and, for each § € By,

FE e at ) dpt (Ea ). dpl, (la' ™) > 0,
E(3t)

Furthermore, 11 (Sg) > 0, where Sy := {m'(5,€)|5 € By, e € E(5)}. At the same time,

we have
S0) = [ T it () i (ot 8 i (L) > 0,
By JE(8Y)

since by noisy observability (b), ,u§ ! BO) > 0. 0

PROOF OF PROPOSITION 4 AND LEMMA 2. For every t € IN, B € M(S?), a'~! €
Xt_l,

(Bl = [ [ dul (s ()

By sequentially continuous noise, g, f'(s"'—5", 8", a"~") dpl(5'la’") € CI(S*x X1 XF).
By Proposition 5, p! is bounded and continuous in the strong total variation norm.

Similarly, to show Lemma 2, notice that for B € 11(5*) we can write

/'Ls( al~ 1 / /B ) e §t —l)d)\t(et)dluté(gtmt—l)
= /é/';ft(st _ ét,gt,at—l) d)\t(st)d,ug(ét’at_l)

=[]t st (st hax (),
BJB
where the first equality holds by absolute continuity, the second equality holds by

translation invariance of the Lebesgue measure A, and the third by Fubini-Tonelli. [

We conclude by showing a measure theoretical result of independent interest which
equates the continuity and boundedness of measures in the strong total variation
norm to Carathéodory integrand densities. Let (Y,11(Y), ) be a measure space,
Z a countable metric space endowed with the o-algebra of all subsets of Z and the
counting measure, 111(Y ")y a sub o-algebra of M(Y), u(:|-) : Z — N(Y) a transition
probability from Z to Y, and 7(Y) the set of finite measurable partitions of Y.
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PROPOSITION 5. Suppose that there is a measure B over Y and a function ¢ :
Y x Z — Ry, that is M(Y )o@ M (Z) measurable and such that for every B € M (Y )y
and z € Z

u(Bl2) = [ oly.2)dity).
B
Then:
1. Thereis a set Y with (Y \Y) = 0 such that ¢(y, -) is continuous for everyy € Y

if and only iof p is continuous in Z in the strong total variation norm;

2. Suppose ¢(-,y) is continuous for every y € Y. Then there is a function ¢ €
LY, B) such that o(y, z) < ¥(y) for every y € Y if and only if u is bounded in

the strong total variation norm.

Proof. Part 1. Necessity. We argue by contradiction. Suppose thereisa B € 1M(Y),
with 3(B) € (0,00), such that for each y € B, there is z*(y) € Z, £(y) > 0 and a

sequence (2"(y))nen such that d (2"(y), z*(y)) < 5 and |p(y, 2"(y)) — ¢y, 2*(v))| >

£(y). Define the correspondence ¢ : B = Z
E(y) = {z € Z’Els €(0,1), Yn € N, 3z, € Z, d(zpn, 2) < 1/n, |o(y, zn) — ¢(y, 2)| > 5}.

Since z*(y) € &(y) for each y € B, £ is non-empty valued. Furthermore, let z € Z
and let {€,};en be a countable dense subset of (0,1). We have

{y e Blz€&(y)}
= {y € B‘HE €(0,1),¥n € N, 3z, € Z, d(zn, 2) < 1/n, |@(y, zn) — &y, 2)| > 8}
= {y € B‘Elj eIN,Vn €N, 3z, € Z, d(zn,2) < 1/n, |¢(y, zn) — &(y, 2)| > ej}

= U ﬂ U {y€B|d(zn,z) <1/n, |¢(y, zn) — ¢(y, )] >5j}7

jeENneN z,€Z

where the second equality follows from {¢;};en dense in (0,1). Since ¢ is M(Y )y ®
M(Z) measurable, each set {y € B’ d(z,2*) < 1/n, |p(y,2) — ¢(y, 2*)| > ¢;} is in
M(Y)o. Therefore, {y € Blz € £(y)} is M (Y )o-measurable and, by Lemma 15, £ has

a M (Y )o-measurable selection 2*(y). Define the correspondence

6(y) = {= € {e;}en|vn € N, 3z, € Z, d(z, 2 (1)) < 1, |90, 20) = 93, 2" ())] > ¢}

Since 2*(y) € £(y) for each y € B, £ is non-empty valued. As before, By Lemma
15, & has a 1M (Y )g-measurable selection, £(y). Analogously, define the correspon-

dence
&aly) = {= € ZJd(z.="(v) < U, 19(y.2) = $ly. 2 )] > £v)
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Since 2*(y) € &(y) and £(y) € &(y), &, is non-empty valued. As before, &,(y) has a
M(Y )p-measurable selection, z,(y).

Now, for each z € Z, define the set B, := {y € B|2*(y) = z}. Since U,¢zB, = B
and B(B) > 0 then there is 2 such that 3(B:) > 0. Define B™* := {y € Bi|z,(y) =
z, P(y,z) — cﬁ(y,é) > 0}, and B = {y € B:|2.(y) = 2, ¢(y, 2) — ¢(y,2) < 0}. Let
&= [, €(y)dB(y). By construction & > 0.

We have, for every n € IN, there is a finite subset of Z, denoted Z,,, such that

o> EZZ ( /B oo (P0:2) = 8(0,2)) dB)+ / (@ly,2)=¢(y, 2) dﬁ(y)>

B.’

H(M - Ué)’B(é,l/n)

> / 164, 2a(w)) — 6y, 2)| d(y) — /2 > / Ew) dBly) — 2/2 = 2/2.

Bé Bi

However, since p is continuous in z in the strong total variation norm, ||(u — u'g) | B(2,1/n) H s
ought to converge to zero as n — oco. This is a contradiction.

Sufficiency. For each n € N, én(y) 1= SUD,e (e 1/m) |P(Ys 2) — @(y, 27)] is a measur-
able function and converges to zero almost surely in y. The conclusion follows by the
dominated convergence theorem as ||(1t — 1) | p(s+1/m) HSV < J én(y) dB(y).

Part 2. Notice that ¢(y) == sup,., ¢(z,y) is measurable and belongs to L'(Y, 3) if

and only if ||4]| gy, is finite. O
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B Supplemental Appendix — Omitted Proofs

B.1 Incorporating Active and Inactive Players

In the remainder of the paper, we enrich the class of games we consider by allowing for
active and inactive players. In particular, the function T; : Uen©Qf x X7t — {0,1}
is measurable and determines if player ¢ € N is active or inactive in period t € IN,
T;(-) = 1 and T;(-) = 0, respectively, as a function of the history of the states of the
world and action profiles. We assume that at least one player is active at each period.
Whenever active, players move after receiving informative signals about the history
of the state of the world and action profiles. Specifically, for t € IN, after every history
(wh a1 € Q' x X't with T;(w’, a'~!) = 1, player i € N observes a signal s;; € S; and
chooses an action among the available ones according to A;. When T;(w?, a’™1) = 0,
player 7 is inactive and does not observe private signals nor chooses any non-trivial
action. We assume S; contains the null signal s, and X; the null action a,, the latter
an isolated point of X;, and, when T;(w’, a'™!) = 0, we assume that ;(w', a'™1) = s,
and A4;((s:71,s,),at™ ") = {a.}, for any history of private signals s~' € S 1.
Without loss, we assume player ¢ € N receives a non-zero flow payoff only when
active, i.e., g;(w', (a' 1, a;)) = 0 if T;(w', a’ ') = 0 for every (w', a1 a;) € Q' x X"
Private histories. To accommodate for the presence of active and inactive players,
we modify our definition of private history. We start by defining an auxiliary notion.
For every period t € N, (s, aj"") € SIx X" is a signal-action history if a}," = a,
whenever s} , = s, for £ < t—1. The set of signal-action histories contained in S} x X =l
is denoted by #{, and the set of all signal-action histories is #; . == Ujendt; .
A generalized private history of player i is a function of a signal-action history

(st,al™!) € ;.. as follows

1) 7

hi(sj ait) = ((Sf,e)zgt,s;ﬁés*a (aﬂl)zgt—l,s;ﬁés*)-

Generalized private history A;(st, ai ') collects player i’s signals up to t and ac-

Rt}

tions up to t — 1, describing the information available to player ¢ before playing
at period t. Notice that, private histories do not record any information from pe-

riods in which players are inactive. For this reason, a player may be oblivious to

the number of moves that have occurred, e.g., for any (sf,a™!) € #; «, we have

fi(sf, a7 ) = hil(sh, 1), (a7, a.)-



For the remainder of the paper, we redefine #; = Uhi’*eggiﬂ*fli(hi,*) as the set of
player i’s generalized private histories instead of the set of private histories. The
length of a generalized private history h; = (s, aj ") is |h;| := {0 < t]st, # s.}];
for ¢ < |hyl, hgz) is the truncation of h; up to and including player i’s ¢’th active
period, so that ]hgz)| = (. Let #! = {h; € #;||hi| = t} be the set of i’s generalized
private histories of length ¢ € IN.

We assume the correspondence A; is measurable with respect to 1M(#; .|A;), the
sub g-algebra of M (#; ,) induced by fi;, and we write A; : #; = X;.!

Strategies. For every i € N, # 4, and o; : #4, — A(X;) are now formally defined

in terms of generalized private histories.

Conditional measures. The definition of conditional measures is generalized as
follows. Conditional on player i’s actions a] € X7 and signals st € SI, for t,7 €
IN U {0} with 7 < t, the strategy o; induces a transition probability over player i’s

action history af € X! as

o (0 ,(—1
pilallst al o) = [ oi(al,lh(sy®,ar ")) (8)
l=741,...,t,
Sf,e#s*

if (st, a7y € (Ry)"1(Fa,), a” = aT; zero otherwise.
Expected payoffs. The definitions of player’s ¢+ € N expected payoff and continua-
tion expected payoff apply verbatim to this more general environment. Furthermore,

Lemma 4 still holds.

Constrained equilibria. We adapt the notions of é-constrained and é-constrained
conditional equilibria by defining the objects in Section 3.1 in terms of generalized
private histories instead of private histories.

For every i € N, ¢ > 0, & : {(hi,a;)|h; € #i,a; € X;} — (0,1) is now formally
defined in terms of generalized private histories.

Let #N := QN x XN he the set of histories with infinite length.? Define 4! : #N —
#t and ﬁf : #HN — F;, for i € N, functions from infinite histories to period-t histories
and player’s i private histories, respectively, by setting A*(@,a) = (@®,aV) and
At(@,a) = Ai(vH@®,atD),a" ™), for (w,a) € #N. Notice that A is now defined

over histories of infinite length.

!The sub g-algebra of M(#; ..) induced by A; is M (H; .|fh;) == {A; *(A)|A € M(#;)}. Foric N,
we can write A; : #; = X; by Theorem 4.41 in Aliprantis and Border (2006).
2For any set Y, denote YN := {(y;)senly: € Y, Vt € N}.



We define P(-|o) € A(#™N) as the measure over infinite histories induced by the
strategy profile ¢ € £.3 For every i € N, 0 €%, £ € N, and Z € M(F), the
probability that player ¢’s private history belongs to Z under o is defined in the
general case as P,(Z|o) == P(Uen(h!)~Y(Z)|0). If Py(Z|o) > 0, player i’s period-t
beliefs over C' € M(H"') conditional on Z can be defined as

P((R")7(C) N (k)1 (Z)]o)
£i(Z]o) '

F{(C|Z,0) =

For every pair of strategy profiles 0,6 € ¥, and Z € M(#Y), for ¢ € IN, player i’s

expected payoff conditional on Z from o and & is defined as

Ui(6|Z,0) = Z/ (6lwT, am Y dPT (W, a2, o).
TEN "
Finally, a strategy profile o € ¥(&), for € € &, is an £-constrained conditional equilib-
rium, if, for every i € N, £ € N and Z € M () satisfying P;(Z|o) > 0,

Ui(o|Z,0) > Ui(ol,0_4|Z,0) Vo'l € ¥;(8).

Trembling hand perfect equilibrium. THPE adapts to this more general envi-

ronment with minor adjustments. For every ¢ € N, t € IN, the function a; is now

defined over (s!,a’ (= 1)) € h; 1 (#,,), for any given o; € 3; as follows.

9

ai(st,aly03) = {a? @) = min {7 <t — ML o(al A (s, al ) > 01,

'L

Furthermore, the limit strategy o* in Definition 3(i7) is retrieved as follows

(7)
£E—1)\\ p; ( ilst, f )
Ui( zt|ﬁl( l’al >) - p*(CLZ J(t— 1)|St J(t—1) at,(T))

% 7 »

for (st,al (t_l)) € h;1(#,,), and aﬁ’( N = =a;(st,a

)

i), for every i € N, t € N.

We generalize the notions of root of a proper subgame and negligible histories as
well. We say that a history (w',a'™1) € # is the root of a proper subgame if, for
every (@7,a""') € #, if hi(7f(wh a7Y),al ) = Ri(yT (@7 a7 1), a] ) for alli € N,

then (W', a'™') = (07,a"!). Let #? C # denote the set of all such histories. A set
H € M(#) is negligible if P(Uen(A?)"Y(H N #")|o) = 0 for every o € .

3For each o € X, there is a probability measure P(-|o) : #N — [0, 1] such that for every ¢ € N,
and measurable, bounded functions 7t : #* — R, 7 : # N — R, defined as #(@,a) := r*(h'(©,a)),
where (w,a) € #™N, we have that Ep(.|o)(7) = Ept(.|s)(7). See Theorem 4.49 in Pollard (2002).
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Markov games. For every ¢ € N, active and inactive players are determined by
the current payoff-relevant state, T; : Q% — {0,1}. Furthermore, for every o € X,
t € N, the objects puf,(-|,0) : Uien#; — A(QF), 0, € Y, and 4, and the Markov

information condition are formally defined in terms of generalized private histories.

B.2 Additional Notation

For any set Y and Z, define Y := U;enY" and (X X Z)> == Upen X" x Z°.
For i € N,t € N, (s}, al) € S! x X! is a signal-action history up to and including

(22

period t-action if aj, = a. whenever s;, = s, for £ < t. The set of signal-action

histories up to and including period ¢ is #¢*

1,%)

and 3?1-7* = UteNé‘?f’*. A private history
of player i up to and including period t-action is the function of (s, al) € #,; . defined

by hi(sh,af) = ((so)e<t, st 5.0 (abg)o<t st 25.). The length of private history h; =

hi(st,al) is |hi| == |Ri(st,at)|. We define #; = Ufli’*egga*ﬁi(ﬁi’*), and #! = {h; €
(7?1||7LZ| = (}. We denote by Bl@ the truncation of h; up to and including the ¢’th
f;) is defined analogously to

t’(éfl)), ¢ < t}, be the set of

i

active period of player i. The sub o-algebra 1M(#; .
M(H; . |fi). Let #Ha, = {(st,al) € #ilat, € Ai(s0,a

177

private histories in #; that are available according to A;.

For i € N, let X; = X; U {a,} for some a, ¢ X, isolated point in X;. Define
Ais t UenSEx X710 = X, as Aj(Ri(sh,al ™)) if (s ai™') € i, and st, # s, as
{a.} if (st,al™') € #H;. and st, = s.; as A;. (s, ai") = {a.} otherwise. Since A;
is weakly measurable, A, is weakly measurable. Define #,, . = (A;) ' (#€4,) and
Hoa, = (h;)"HHa,), and, for t € N, HYy , = FHa, . NHE, and HYy |, = FHa, NI,

Denote by #! := {(w',a'"!) € #' : (f(w!, at™Y),al™") € H;., Vi € N} period-t €
IN histories whose projection onto S! x X!~ is a signal-action history for every i € N,
and let #, := Ujen#t. For i € N, A : 3¢, — F; maps histories to player’s i private
histories, by setting A% (w?, a?™!) = A;(7f(wt, a?1),al ™), for t € N, (W, at™t) € #L.

For every t € IN, by combining the counting measure on action profiles in X!
and puf,, we define the unconditional measure !, , over #* by setting pf, ,(B) =

Pmtexi—t Jor (W', a' ™) € By dul(w'|a'"1) for B € M(#!).* We define the condi-

tional measure ufw('|wt_1> =2)

a'=%) over #"' and the measure p’ , over Q' x X' analo-

gously.

4The counting measure “counts one” for every element of a set. Therefore, if p is a counting
measure over a countable set B and f: B = R, [ f(b)dp(b) = > ,c5 f(p).



B.3 Proofs of Theorem 1 and 2

SAC, in conjunction with Proposition 5, allows us to write the signal profile transition
for every t € N, s* € St a'™! € X1 as

dp(s')a"™t) = f'(s' ") - dV' (s, (9)

where f* € CI(S' x X', v"), and v!(s') = [[,cn v(s}) is the product of reference
measures (see footnote 25) defined as vj(s}) := [[,<, viu(s Llst (=1

Let § < 1. For each i € N, we define o; € A(S5°) as

a;(B) = —— Zét (BNS;) forevery B € M(S).
teN
Recall, player i’s strategy o; € ¥; is a transition probability from #4, to probabili-
ties over available actions. We define 6; : UpenS? X X =1 A(X' ), the extension of o;
to UsenS! x X! 71, as the strategy such that 6;(-|st, a

and coincides with o; whenever (st,al™) € #4, .. Since the set #,, . is measurable,®

(2Rt

~1) has support in A, (s, al ™),

2 Z 17 7,

an extended strategy is a transition probability from U;en S} X X’f’l to X;. We denote
the set of extended strategies by 33, and set of i’s extended strategies that extend an
&-constrained strategy is 3;(&).

For i € N, let &; be the set of transition probabilities from S to X2°. For each
p € P;, we define the functional

Li (D) = / Z @i(8i, ai) - pails), doy(s;),

5 a€X°°

where ; € CI(S° x X2, a;). The weak topology on P; is the coarsest topology such
that for each ; € CI(S® x X, o;) the functional I, , (p) is continuous in p € &;.

LEMMA 5. For each j € 1,2, let (qb;-\))\e/\ be a met of transition probabilities in
P; converging to ¢. If there exist functions ¢1,p2 € CI(S® x X, a;) such that
&Y - o1+ @y - g >0 for every X € A, then for any closed set C € NM(X®):

> (6150, @) - o1(5i, ) + 63(55, 1) - p2(Si, @) = 0,

a;eC

a;-almost surely.

5The set # 4, is measurable by Theorem 18.6 in Aliprantis and Border (2006).



Proof. Let ¢ : S x X — R be of the form ¢(5;,a;) = 1{s; € S;} - d(a;) for
some S; € 1M(52°) and some bounded and continuous function ¢ : X2° — R. Since

ngS € OI(S® x X®, ), we have

/ S b(@) - (01(50.01) - 1(50.0) + 63(50, ) - ea(5i, 1)) dov(s)
@€ X
— / Z (07 (5i, @) - 01(5i, @) + 03(55, @) - p2(54, @) doy(8;) > 0.
ZazeX“

Let U, = UqecB(c,1/n) where be B(c,1/n) is the ball centered at ¢ € C with
radius 1/n. Since X; is a compact Hausdorff space, by Theorem 2.46 (Urysohn’s
lemma) and 2.48 in Aliprantis and Border (2006), for each n € IN, there is a contin-
uous function f, : X; — [0,1] that is equal to 1 in C' and it is equal to zero in the
complement of U,. Since f,, converges to 1{a; € C} almost surely in the counting
measure in X;, by setting ¢ = f,, in the right hand side of the previous expression,
taking the limit in n, and applying the dominated convergence theorem, we obtain
S5, e (01(50,a) - 01(5i, @) + 3(5i, @) - 02(5i, a:)) dovi(5:) > 0, 5; € M(S5°). Fi-
nally, since S; is arbitrary, this implies the as-almost surely inequality. O

For every i € N, 6; € 3;, t € N, 7 € NU {0}, af € X7 we define the transition
probability p;(-|-, al, ;) : S — A(XX) as

£,(7) tv(j—l)) t,(7)

¢ ) jeria . Gilaigls™ s a; ifr<ta =a" or7T>tq,
pi(ailsi, af, 67) :

0 otherwise.

For 6; € 3, we define a; : St x X! — U, X7 as a;(st, al; 6;) = {7 |7 = min{# <
60 t(-1)
= Uil s, 0l Y) > 0},

LEMMA 6. Let {62} ren be a net in )P for some directed set A and i € N. Suppose
that for each 7 € N and a] € X7, the net {p;(+|-,al,67) }aea converges to pi(-|-,al) €
P; in the weak topology of P;. Then:

(i) There exists o € ¥; that satisfies equation (4) for every (s', a. (t_l)) € Ha, .

Z’ K3

(it) If € € & and {6)}ren C 54i(8), then o € 54(8).

Proof. We define o} : S! x X! — [0,1] recursively as follows:
- For s; € Sy, let o7 (aq|s;) = p*(ailsi, D).

) _ ¢

a;

)



- Suppose o} (af s, 1( ) has been defined for (s!,a!) € # 4, ., for every £ <t—1,
and let 67 denote its extension to Up<; 1S¢ x Xf !. For (s gt ) € #H 4, «, define

ARt
o’ ( |S (t_l)) - b; ((IHS (817a7,70— ))
7 zt ir @ pi<a?(t—1)|8?(t 1),6%(82,6%,0' ) O';k)

REMARK 1. Consider the following:
1. Notice that a;(st, at;6F) and pi(a; BE= 1)|st =0 ai(st,at: 67),67) depend only on

19 Y 79 Y 7

07| gey -1 for € <t —1. Therefore, &; |stx)’<?—1 is well-defined (see point 3).

A~k

2. By the definition of of we have p;(al|st,a;(st, al;6F)) = pi(al|st, a;(st, al; 67F), 07F)
for every (sf, af) € #}, .

3. By the definition of a;, p;(a’ (= 1)|3 =0 ay(st,at; 67),67) > 0, V(st, al) € Stx XL,

79 Y [ 2Rt

t(t 1)|St(t 1)7%701’) and al(S a O'Z) to

4. For every ¢ € S, the restrictions of pi(a; ag
H; ., are measurable with respect to the sub o-algebra of #; . induced by h;.

Let & € &. The extension of &, &; : (S; x X;)>® — R, is given by &(f;(s!,a’™), a;)
if (s¢, (al™!, a;)) € H;..; 0, otherwise. Since a, and @, are isolated points of X;, & is
continuous in (a™', a;) for each s!, and, therefore, we have & € CI(SX® x X, ;).

Next we show that (a.1) If (6))xex C  2i(E) then of(a;)st, ’; o>
Eilhi(st,ai™"),a;) for (s, (af™", a;)) € #HYy ., (a.2) o7 (-|st,ai™") € A(A(sh

[l 10 \Yg )) for
fi;)-measurable.

every (st,aj”") € # ., and (b) 07|z, is M(Ha,,

i) Z Z’ l

Proof of (a.1) and (a.2). We argue by induction. Let t € IN, and suppose that
(a.1) and (a.2) hold for o (-[s‘!, a!™?) with (si7' ai™?) € <7€A . for £ <'t. Note

et} e
first that for 7 < ¢, and a] € X7, pi(al'|si™!, a7, 6%) converges to pi(alt|si™, af)
in the weak topology of (S! x X! ). In fact, for any ¢ € CI(S! x X! v}),
Jo. Yoasex, 0(sh, ai™" ai) dvig(silsi™") belongs to CT(S;™" x X', »;7"). In fact, it

is measurable with respect to s™' (Theorem 2.6.4 in Ash (2014)), and continu-

! a;) for each s™' by the dominated convergence theorem.® Therefore,

t I‘St 1

ous in (a! ™",

,al,6?) to pi(altsi™ al) in the weak topology of

? l

the convergence of p;(a;

(S x Xy 1) yields convergence in the weak topology of (S! x X!, vt).

Proof of (a.1). Assume (6))xen C 3i(€). By the induction hypothesis,
a;(st,at;67) = 0 for (st,al) € #Ha, .. Now, for A € A, and ((s:7, s;), (a7, a;)) € Ha, .
( a

~

U837 0,67)(67 (aal (i7" si),007") = & (57 i 0 1) ) ) 2 0.

,a;) — (ai7"* a;) implies

°Fix a; € X;. As ¢ is continuous in a! € X[, (azfl’”
€ S!. Furthermore, ¢ is bounded

t

7

qb((sf ! s“a;E 1n) a;) — ¢((sf sl,af 1« ), a;) for every (sﬁ_l,si)
t) function.

by an Ll(St

[ Z



By Lemma 5 with C' = {(a}™', a;)}, vf-almost surely for ((si™',s;), (al ™", a;)) € #a, .
pilai st 0,67) (07 (al (s i), af ™) = & (8 sivaf ™), ai) ) > 0.

By Remark 1.3, this yields the desired result.
Proof of (a.2). Since Y, .y 6Mail(sj!,s:),ai7") = 1 for all X € A,

7
((si',s:),ai"") € #Yy . by Lemma 5, we obtain

pz-<a§1|s§1,a?‘”,&:>< > 61 (ail(si7 s0), 0l 7t — 1) =0,

vi-almost surely for every ((si™',s;),ai"") € #Y, | s.t. af’(T) =a;((s71, 8:),at 71 67).7
As this is true for each 7 < t—1, this shows o7 (-|s}, a{ ") € A(X;) for (s}, ai™!) € #!, .

We now show that, supp o; (-[sf,ai™") C A;(st,al™") for every (st,al”") € Y, .
In fact, define the function @; : (S; x X;)® — R as @;(st, at) = inf{d(at,at)|(s!,al) €
Ha, .}, where d is a distance in the metric space X*.# The function ¢; is continuous
in af, as it is a “distance to a set” function, and it is measurable in s! for each a}.”
The function @;(st,al) is zero for (st al) € #a, ., and strictly positive otherwise, as
A; is closed-valued. For @; € X;, by Lemma 5 for C = {(a™!,a,;)}, we obtain

Pi(st, 85,0t @) - palal Vst el 1) - 6 (s (s i), 0t ) = 0,

Lsi),aih) € #tY . such that a™ 1

; t—1 A*)

) i)>ai 04 )-

-
#Hiy ., but a; ¢

vi-almost surely for ((si~

t t
2 ) al((
This shows that & (a|(si™!,s:),al™) = 0 if ((si7',s:),al7h) €
t— 1 t

Ai((s",50),057"). Hence, 67(-|(s;, si),0;7") € A(Ai((s7 ', 84), 1))
Proof of (b). It follows by Lemma 16 that p*|  must be measurable with respect
to the sub o algebra M(#,; .|k;). O

PROOF OF THEOREM 1. Let the weak topology on 3; be the coarsest topology such
that the functional I, (p;(+|-,0,6;)) is continuous for every Carathédory integrand

©; € CI((S; x Xi)™, ;). The weak topology on ¥ = X;en; is the product topology,

"Notice that a;(st,at,5;) does not depend on the value of at i+~ Thus, we abuse notation slightly
1

751') af 1 a,*)

by writing a;((s!~ ,a; 0}

8The distance d can be any distance that generates the product topology. Without loss of
generality, we can assume @, is at distance 1 from every element in X°.

9This follows by the measurable maximum theorem as A; is weakly measurable and non-empty

and compact valued. See Theorem 18.19 in Aliprantis and Border (2006).



where each 3; is endowed with its weak topology. By Lemma 6, for each i € N, f]z(é)
is closed in the weak topology.'®
In the remainder, we define U; over the set of extended strategies by setting, for

every t € N and o' € X*, g;(-,a’) = 0 whenever a _ = a, for some j € N and 7 < .

LEMMA 7. Under payoff boundedness, continuity, and SAC, for every i € N, U;(o)

s continuous in the weak topology of 5.

Proof. Let (6*)yea be a net in 3 that converges to 6* in the weak topology. We will
show that U;(6*) — U;(6™).

Let P! be the projection of Q! x X* onto S x X*, ie., P': O x X! — St x X!
is such that P*(w?,a’) = (7'(w?, a®®1), @) for (W, a') € Qf x X*. The sub o-algebra
of M (Q" x X*) induced by P"is M(Q' x X'|P') == {(P")"(B)|B € M (S" x X")}.
For a' € X', let E(g;(-,a')|P") denote the expectation of g;(-,a’) == gi(*,")|arx{at}
with respect to the sub-c-algebra M1(€2' x X*|P'), where the measure in Q' x {a’}
is pl,(-la"). By Theorem 4.41 in Aliprantis and Border (2006) there is a measurable
function E% : (S x X)® — R such that E* (P!(-,a’)) = E(g;4(-, a")| P*).

If X is infinite, let g;; be defined as in our payoff continuity condition. Define
Git : STX X' = R as g;.(s,a") = ng(st) if X is finite and as g;,(s’, a’), otherwise.
Let 0 € XA], we have Us (o) = > siext g Git(sh,a?)- f1(s', ab(=D).p(at|st, o) dvt(s') where
the equality follows by Theorems 4.41 and 13.46 in Aliprantis and Border (2006) and
equation (9). By Proposition 5, SAC(b) implies f(st,at=V) € CI(St x X1 vt);
payoff continuity implies there is a version of g; (s, a') € CI(S* x X*,v'). Therefore,
there is a version of g; (s, a?) - fi(st,a?*=Y) € CI(S* x X*,1*), and by Theorem 2.5
in Balder (1988), we obtain U;;(67) — U;4+(6*).

Now, by Lemma 4, |U;(0)| = [3252, Uie(0)| < 3 jen SUPses: [Uii(0)| < 00, where
the last inequality follows by payoff boundedness. Therefore, U;(6*) — U;(6*) follows

by applying the dominated convergence theorem over nets shown in Proposition 8. [

Let ¢ € &. Define the é-constrained best response correspondence r as in the
proof sketch of Theorem 1, but on the set of induced extended transition probabilities
Pi(€) == A{pi(-|-, 03)|oi € Zi(€)}.

The topological spaces P (), endowed with the relative weak topology, and (&)

are homeomorphic. To see this, notice that, by the definition of o; € f](é), the ratio

10EAndOW il(é‘) with the relative topology inherited from the weak topology on 3, and ﬁl(é) =
X ;e n2i(€) with the corresponding product topology.



¢ ’jv(tfl)) _ pi(aﬂsf,al-) (10)
D (a?(t—l) 57D, o)

is well-defined for every t € N, ( ab My e Ha, ., where pi(-|-,0;) € P(€) and we

set pi(ar (0)|s o;) = 1. If (s ) ¢ # 4, . and the ratio is not well-defined, set

it to 1 when a;, = a,, and to 0 otherwise.

Z’ ’L

27 Z

For every i € N, define i’s utility over the set of induced extended transition
probabilities as U;(p(-|-, o)) = Ui(¢). By Lemma 7, and the homeomorphism between
5:(€) and P(&), U; is continuous.

Relying on the homeomorphism introduced in equation (10), every fixed point of
r is mapped to a strategy profile that, by definition, corresponds to a &-constrained
equilibrium. We establish that r has a fixed point by applying the Kakutani-Fan-
Glicksberg fixed point theorem. In particular, we show that: (1) P(€) is compact,
and (2) convex; (3) r has closed graph, (4) is non-empty, and (5) convex valued.!!

Point (1) follows by Lemma 6 and Theorem 2.3 in Balder (1988); (4) follows by
(1) and the continuity of Uy; (5) follows by Lemma 4. We show points (2) and (3).
(2) P(&) is convex. Let p/,p" € P(), with associated strategies o’ and o”, respec-
tively. To show that A -p/ + (1 — A) - p" € P(&) for every A € [0,1] it is sufficient to
show A - p) 4+ (1 — ) - p! € P,(&) for every i € N. In particular, we prove that exists
o; € 3;(8) such that (X-p, + (1 — ) - pl')(al|s!) = pi(al|st, o). Let o; be defined as in
equation (10). We show that o; € 3;(¢). Measurability of o; follows from Theorem
4.27 in Aliprantis and Border (2006). For every (st,a’"™V) € #4, ., o; € [0,1], since

pilat™ 1)|s =Dy > pi(at|st) for every p; € $(£). Furthermore, if a;, # a., we have

LD D) o

’ 7

t @(t—l)) _ Uz( Zt|sz7 a; ) A pz
X pildl (= 1)’ t,(t—1) o)+ (1
t

-1) (=1, t(t=1)
g; (ai s3> a; ) (1= A) - pila; |5 o) —
; t,(t—1) > &((si, a7 ot 1))7a§,t)'

A-pi(al I 6y 4 (1 - A) pi(al D gy

A) pi(al D sH D o

77

where the equality follows from equation (8), and the inequality follows as o’,0” €

52(€). Finally, Y aex, oilailsi, a; (t_l)) = 1 follows from the equality above as well.

(3) r has closed graph. Let (p*) and (p*) be two nets of transition probabilities
such that, for every A € A, p* € r(p), p* — p* and p* — p*, where all convergences

HWe identify @i(é) with its quotient space, by associating each transition probability with the
equivalence class of transition probabilities yielding the same J; ,, for every ¢; on CI((S;x X;)>, o).
As discussed in Balder (1988) this quotient space is a locally convex Hausdorff space.

10



are in the weak topology. Let us show that p* € r(p*).

The condition p* € r(p*) implies that, for every i € N, p; € #;(8), Ui(p},p>,) >
Ui(pi,p*;). Also, notice that, by the definition of weak convergence, (P}, p,) —
(pt,p*,) and (pi, p*;) — (ps,p*;). Thus, as Lemma 7 implies continuity of U;, we

obtain U;(p¥,p*;) > Ui(ps, p*;), for each i € N, which shows that p* € r(p*). O

PROOF OF THEOREM 2. By Remark 2.4 in Balder (1988), 3 is weakly sequentially
compact. Therefore, for any sequences (g, )nen in Ry, (€,)nen in &, and (0™),en in
Y. such that, for each n € N, &, € &(&,), 0, is &,-constrained, and lim,, o &, = 0,
we can construct sequences {p;(+|-, al, ") }nen that converge to p;(-|-, al) in the weak

topology of #; for each 7 € IN and a] € X7. Theorem 2 follows by Lemma 6. O

B.4 Proof of Theorem 3

MAC, together with Proposition 5, implies that, for every ¢t € IN, s* € S®! o~ ¢
X1 we can write the payoff-relevant signal profile transition as duf*'(st|a’~!) =

fi(st a1 -dvMt(st), where ft e CT(S™!x X'=1 vt "and v (s') =TT,y Mt ()
is the product of the reference measures v (st) := [1o<; v (s} ,). For instance, each

v} € A(SF) can be constructed as dv{(s;) == 3 io1c e &(a' 1) - dpl! (si|a'~") for
& arbitrary collection of strictly positive weights.

We say that player ¢’s strategy is non-stationary Markov if in each period it only
depends on the payoff-relevant component of ¢’s signal but may condition on the
length of the i’s private history at the time of play.

Denote by f]?SM the set of player’s ¢ extended non-stationary Markov strategies
and by M the corresponding set of strategy profiles. Define the weak topology on
f]”SM as the coarsest topology such that, for ¢ € IN, the functional gi%_ : E?SM - R
g, (o7eM) = st wex, Pilsi,ai) - 7% (ailsi, t) dv) (s;), is continuous for every
i € C[(SZ-R x X, v}}). The weak topology on $7M s the product topology, where
each f];“M is endowed with its weak topology.

Denote by $75M () and $"M (¢) the sets of non-stationary Markov &-constrained
strategies, and endow them with the relative and product topology, respectively. By
Lemma 6 with 7 = ¢ —1, E?SM(é) is closed in the weak topology, for each i € N. The
corresponding sets of stationary Markov strategies are denoted by the superscript M.
Note that, M and %M (&) are closed subsets of 2" and $"M (&), respectively.

Define U; over the set of extended non-stationary Markov strategies by setting,

for t € N, a* € X*, g;(-,a') = 0 whenever a;T =a, for j€ N and 7 < t.

11



LEMMA 8. Under payoff boundedness, continuity, and MAC, for everyi € N, U;(o)
s continuous in the weak topology of SnsM.
Proof. Let (6*)xea be a net in 37 that converges to 6* in the weak topology. We
will show that U;(6%) — U;(6*).

For every o™M ¢ SnsM by applying Lemma 4, payoff boundedness, payoff
continuity, and MAC, together with Theorems 4.41 and 13.46 in Aliprantis and
Border (2006), we have

Uw(ansM) _ Z /St gi(st7at) -p(at|8t,0‘n8M) d#z (st|at)
ate Xt

= Z /SRt §i7t(st7at) . ft(st,at’(t_l)) ; H O.ZnsM(a;ASibg) dVM’t(st)

ate Xt 1EN A<t

where the second equality follows as §; (s, a’) = g;,(s™*, a") is constant on payoff-

M) = p(

at|s®t o™M) by definition

relevant signals by Markov payoff, and p(a’|s, o
of non-stationary Markov strategy, respectively.

By Proposition 5, MAC(b) implies there is a version of f*(s*,a®*"Y) € CT(S%* x
X1 M) payoff continuity implies there is a version of §;,(st, a) - ff(st, a®*=V) €
CI(S”t x Xt vMt). Thus, by Theorem 2.5 in Balder (1988), we obtain U; (%) —
U, (6%).

By Lemma 4, and payoff boundedness, |Ui(o)] = |32, Uiilo)] <
> ien SWP,ex [Uit(0)] < oo. Therefore, by applying Proposition 8 we obtain U;(6*) —
Ui (6%). O

Let & € &. Define the &-constrained best response correspondence r : M (&) —
M (€) as usual. We establish ™ has a fixed point by applying the Kakutani-Fan-
Glicksberg fixed point theorem. In particular, we show: (1) sM (€) is compact, and
(2) convex; (3) M has closed graph, (4) is non-empty, and (5) convex valued.'? Point
(1) follows by Lemma 6 and Theorem 2.3 in Balder (1988); point (2) is straightfor-
ward; point (3) holds as argued in Theorem 1, applying Lemma 8; point (4) follows
by (1) and the continuity of U;; point (5) follows by the next lemma.

12As before, we identify @lM(é) with its quotient space of transition probabilities yielding the
same 9! for every ! € CI(S} x X/, vM"), t € N. By Balder (1988) this quotient space is locally
convex Hausdorff.
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LEMMA 9. If 6;,6; € rM(0) for o0 € SM (&) then o)} = X6, 4+ (1 = \) - &; € rM (o)
for every A € (0,1).

Proof. Let (o', 0;) denote the strategy that coincides with X - &; + (1 — ) - 6; in
1’s first t active periods and equals o; € Efw in later active periods. We will show,
inductively in ¢, that U;((o}",6;), M) = Ui (o, 5:), M) = Uy(64, ™) = Ui(65, ™)
for every t € N U {0}. The statement is clearly true for ¢ = 0.
Suppose the induction hypothesis holds for t < 7. We show it holds for
t = 741 We can write Uy((o)7,6,),0M) = X - Ui((0)7,64),0M) + (1 — \) -
U((6)7,Girs1,064),0M), where ( Z’\ \Girt1,0;) is the strategy that is equal to o7 in
the first 7 active periods, equal to &; in active period 7+ 1 and equal to &; afterwards.
We can write U;(0) = f%ﬁl Ui(olhi, 0_i)pi(ai(hi)|:(hi), 0;)dP_;(h;|o—;), for any
o € 3, where the measurable functions a;(h;) and s;(h;) project the private history
h; € #; onto lehil and Szlhil, respectively, and U;(o|h;, 0_;) is defined as in equation
(11). Therefore, condition (13) in Lemma 11 implies that U;((0;"", &;r41,6;),0™) =
U; (o7, 5;), ™M), which concludes our induction argument. The lemma follows by
M
)

payoff boundedness, as it implies that U;((o)", 5;),0™) converges to U;(c}, o™). O

REMARK 2. In a Markov game with discounted payoffs an argument analogous to
the one above establishes the existence of a stationary Markov equilibrium.
Foreveryi € N, o € ¥, £ € N and Z € N (SE), define the probability that player
i’s payoff relevant signal belongs to Z and yields a private history of length ¢ under o
as PP (Z|0) = P(Upen(R)"1((67)"1(Z) N t1)|o). Furthermore, define the transition

)

probability P{(-|-,0) : SF — A(#]) as dP,(hilo) = dPf(hi|sF, ) x dPI(sF|or).

LEMMA 10. If o™ is a fized point of ¥ for € € &, then Uy(c™) > U;(o;, ™) for
everyi € N, o; € B(&).

Proof. Suppose that o™ is a fixed point of ™ and that there is a player i € N,
B > 0 and a strategy o/ € 3;(£) such that U;(o},c™) — U;(c™) = 8 > 0. By payoff
boundedness, there is £ € IN such that the strategy o; coinciding with o} in the first
t active periods and with o, otherwise, satisfies U;(0;, o™) — U;(e™) > 3/2 > 0.
We show that we can construct a strategy that is non-stationary Markov in active
period ¢ that is also a profitable deviation. Arguing recursively we then show that

oM must have a profitable deviation that is non-stationary Markov.

13



Let # = Upen (R 0 7") "1 (#1) be the set of histories in # that yield a player i
private history of length £. For every o € ¥ define 'th active period strategy as

54 (4,5 ;—/ o2 (ailhi) AP (hils®, 01, ™),
gt

7

for every st € AR(%t). Define the strategy &; to correspond to o; in the first £ — 1

5MF at £, and to oM thereafter.

active periods, to 7;
Denote by p* the projection of histories in #, onto U;enQ x X*~1. The transition

pl (| o) s Uien®; — A(QF) conditional on o € ¥ is defined by

/ pla 1 ) o) = [ dul (b, o) dP (o),

(QR)t-1xOx Xt-1N(FRoA)~1(Z)

for O € M(QR), Z € #! for some i € N,/ € N, where p/** denotes the transition
probability for payoff-relevant states.
Let 0 = (05,0M),t,7 € N, t > 7. The measure P"!(-|w,, a,, o) over time-t states

and actions in Qf x X induced by o after state action pair (w,,a,) € Qf x X is
defined by

Ph’t<QXX‘wT7aT7O') = Z / ( tlw ao, H d:u’w wk|wk lvak 1)
QR t— (7'+1)><QR

ateXt—1xX k=71+1

for each QF x X € M(QF x X), and where a] € X7, with ap , = a,. Notice that P!
is independent of the choice of af] when o is a Markov strategy. The sum of player 7’s
expected flow payoffs over periods ¢t > ¢ and o is given by

ztaoo Z / / / / wt7 at Uz<az T’h ) (a—z T|w7'>
SR Ja#i JaRxX QR><X

>0 >4
AP (wy, atlwr, ar, 0) dpi , (wrlhi, 0) dPi(hilsf, o) AP (sfio) = Uy o0 (61, 0M)

where the last equality follows from o; Markov after ’s active period ¢, and the Markov
payoff assumption, as dul _(w;|h;, o) depends on h; only through 4/*(h;). Since player
i’s flow payoffs from active periods 1 through ¢ — 1 are equal under o; and &;, we can
conclude that U;(o) = Uy(5;,0™M).

We now show that o™ has a stationary Markov best response. Let us first show
that oM does not have a profitable one-shot deviation, i.e., a strategy that yields a

M

higher payoff but only differs from o in one active period. In fact, suppose oM has

14



M

a profitable one-shot deviation M that differs from oM in active period t. Therefore,

the strategy Uf’t/ that coincides with ¢ from periods ¢ through ' for ¢’ > ¢, #' € IN,
and with o™ in all other periods must also be a profitable deviation. However, by
payoff boundedness, as t' converges to oo the expected payoff of Uf ¢ converges to that
of af’m—the strategy that coincides with o™ up to period ¢t — 1 and coincides with

~ t .. .
oM afterwards. Hence, o;°° must also be a profitable deviation. However, since, by

Markov information, we can write U;(c™|h;, ™) = U;(cM|s5(h;),0™M), the fact that

t,00

0> is a profitable deviation contradicts the optimality of o implied by condition

(13) in Lemma 11.

. Mt
Let 0™ be a Markov non-stationary best response, and o}

%

a best response
among the strategies that coincide with ¢ from the ¢ + 1’th active period on. These

best responses exist by compactness and Lemma 8. By payoff boundedness, for every
nSM
i

that U; (0", ™) = U;(¢™), which, in light of the previous inequality, establishes the

(2

oMy — U (oM, 6M)| < e. For every t € N, we will argue

g, there is a t, |U;(o : ;

desired conclusion. In fact, since ¢™ does not have one-shot deviations, the strategy
that coincides with UZM " in the first ¢t — 1 active periods and with oM from period t
on, must give ¢ the same expected payoff as UZM ' from active periods ¢ + 1 on. Thus,
Mt M ). O

7 y Y —1

applying this argument recursively, we obtain U;(cM) = U;(o

The previous arguments show that, for every € € &, there exist a fixed point of
r™  and, by Lemma 10, is an &-constrained equilibrium.

Let (£,)nen in & with &, € &(g,), and €, — 0, and o™ be a stationary Markov
€n-constrained equilibrium. Passing to a subsequence, there is a strategy ¢* such that
o™ converges to o* in the weak topology. Notice that this convergence also implies

convergence in the sense of THPE.

B.5 Proof of Propositions 1 and 2

For Z € M(#f), ¢ € N, let #;(Z) = {h; € gfi]hy) € Z} be the set of private histories
that follow private histories in Z. We say that a strategy o, € ¥; is a continuation
of strategy o; € %; after Z if o; coincides with o] in every h; ¢ #;(Z). The set of
strategies that are a continuation of o; after Z is denoted ¥;(0;, Z). For a pair of
strategies o;, 0] € 3; we write (0}|z,0;) for the strategy in ¥;(o;, Z) that coincides
with o] at private histories in #;(Z), and is equal to o; otherwise.

Let £ € N, af € (X;\ {a.})". Define #;(at) = {h; € #!|h; = (s¢,al), st € St}

1)
l

Let oy(af) denote the strategy that takes action aj, in active period ¢ when it is
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feasible and takes action a,, otherwise. Define P_;(Z|o_;) = Pi(Z|(0:(a%),o_;)) for
7 € M(F;(al)), for some af € (X; \ {a.})".
Let 0_; € ¥_;, and the transition probability P, (:|-,0-;) : #; — A(#) defined

/ poala™ D D)l ) = [ P, (€ hiso) dP-i(hs | o),
on(rh) () ’ Z
for Z € M(F#;(at)), at € (X; \ {a.})" and C € M(#). Define

Ui(G|hi, o) = Z/ (6w, a” ) APy, (W, a" iy o). (11)

TEN

LEMMA 11. Let (0;,0_;) € X, and Z € M(H}), £ € N, with Pi(Z|o) > 0. Let the
setY; C %, fori € N, be such that (0llz,0:) € >, for every s >, If

Ui(oi,0-;) > Ui(o},0-) Vo € i, (12)

then .
Ui(oi,04|Z,0) > Ui(ol,0_4|Z, 0) Vo, € ;.

Furthermore, if P, exists then, for h; € #; \ N for some N with P_;(N|o_;) = 0,
Ui(O'i,O'_i|hi,O'_i) Z UZ'(O',Z,O'_Z'V'LZ',O'_Z') VO'; € iz (13)

Proof. We argue by contradiction. Suppose that o; satisfies equation (12), but there
are { € N, Z € M(#!) with P;(Z|o) > 0, and ¢/ € ¥; such that

Ui(o|Z,0) < U0, 0-i|Z,0).
By the definition of P}, for every C' € M (#"), we have that

Jonuny -1z P W Y a)dp, 4 (W', 0" )
Pi(Zlo) ’

P{(C|Z,0) =

Therefore, multiplying both sides by P;(Z|c) > 0, we obtain

DOl SRR G Et VO M I e
reN, h Z)NHT
t>1

< Z/ (o), 0_i|w™, a™ Hpla™ Hw™ Y o) du;7a(w7,a7_1). (14)
TEN, mgg-r
t>T
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By the definition of U; ;(c|w™, a™"1), the previous expression yields,

S [ MR ) € S6(2)} - i) -l o) dul o D)
teN /¢

<3 [ AN QD) € H2)) - i at) - plallet (o7 0-0) il ot 0D,
teN /¢
where 0/ = (0!|z,0:). Since o belongs to %;, and ¢ coincides with o; at h; ¢ #;(Z),
this contradicts that o; is a best response, as required by condition (12).

Similarly, if there is a set Z with P_;(Z|o_;) > 0, and a strategy o/ € %; such that
condition (13) does not hold, then we obtain a contradiction by multiplying equation
Ui(oi,0_i|hiyo—;) < Ui(ol,0_;|hi,o_;) by the corresponding p; and integrating by
dP_;(h;|lo_;) over Z, which yields equation (14). O

PROOF OF PROPOSITION 1. The fact that an é-constrained equilibrium is an

&-constrained conditional equilibrium follows by Lemma 11 by setting 3; = ¥;(¢). O

PROOF OF PROPOSITION 2. For h € #?, we have that (A?)~1(A(h)) is a singleton.
Therefore, Py, (h|hi,o_;) = 1{h; = Al'(h)}, since the right hand side is a proba-
bility measure. This implies that U;(6|h;,0_;) is independent of o_; and equal to
Us(|wt, at=t) for (w,a'™t) = (RP)~1(h;). Therefore, by condition (13) in Lemma 11

we obtain the following lemma.

LEMMA 12. If o is an é-constrained equilibrium, for € € &, then there exists a
negligible set H € M(F) such that U;(o|wt,a'™) > Ui(ol, 0wt at™t), for every
ol € ¥;(8), (wha™t) e #?\ H.

The following lemma shows that a THPE is an SPE.

LEMMA 13. Let 0* be a THPE. There exists a negligible set H € 1M (#) such that
Ui(o*|wt, a'™t) > Us(ol, o* |, a'™1), for every of € %, (W' at™') € #? \ H.

Proof. Let o* be a THPE and suppose that there is a set B C #? N#* non-negligible
such that U;(o*|w!, a'™1) < U;(0}, 0 ,Jwt, a'1) for (w?,a'™1) € B. We assume, without
loss, that for each i € N there is 7; € N, a;(7/ ' (wh® Y a1 al s 0F) = af_l’(m

for every (w',a’™') € B, and the projection of B onto X! is a singleton {a'"!'}.

Therefore, we obtain
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_/ Ui(0*|wt,at_l)Hjeij(at_l|wt’(t_1),(lt’(Tj),O'*) d,ufu(wtmt_l)

B

4 [ U0t ot D enpy (e 0,04, (0] ) dpl (']a' ) = > 0.
B

By the definition of THPE, Lemma 5, and Lemma 7,'2 for & € &, there is an &-

constrained equilibrium o° and &-constrained strategy o;° such that
‘ / Ui(a*|wt,at_l)Hjeij(at_l\wt’(t_l),at’(”),a*) dlufd(wtmt—l)
B

. / Ui(UE’wt7 atfl)Hjeij(atfl‘wt,(t71)7 at,(Tj)’ 05) dui(wt‘atil)
B

< B/3,

and,
‘ / Us(o}, 07w, a' ™ enps(a' w0, a0, (of, 0%,)) dpg, (w'|a')
B

a / Ui(ofF, 0% |w', a ™ jenp; (a7 0t (0, 0% ,)) dpl (w!|a' ™)
B

< (/3.
Combining the last three expressions yields a contradiction with Lemma 12. n

B.6 Stochastic Move Opportunities
PROOF OF LEMMA 3. Let M be s.t. sup{|g;(w*, a")||(w’,a') € Q' x X, t € N} < M.

For each ¢t € IN, define g;(w', a') == M if g;(w', a') # 0 and g;(w', a') = 0, otherwise.
For i € N, and (', a") € Q' x X!, |gi(w', a")| < gi(w', a"). By Lemma 4, we write

\Ui(o)] < Zsup Z / gi(wh, at) - plat|wt, o) dut (wt]at D)
t=1 = text Qt
< Yoop 3 [ et ) - plalt o) dd o)
=1 oEX text Ot
= ) sup > / 1{(wt®,at®) ¢ BT < £} - M - plallet, o) dut, (! ED)
t laezateXt Qt

t
= sup (1 — ZP’?(H’?M)) - M
t—1 OEX i1

: P o) M = M- Y sup ((F~ 1) P o),
- Z}gliﬁg (H'lo) gggg ((F—1)- Pl(H|0))

13Notice that we can view the previous integral as the expected utility of a strategy in which each
player j puts weight 1 on actions in a’~! up to 7;, and in which g; = 0 for ¢’ < ¢.
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where the second equality follows from the definition of P!(-|¢) and H™ N H™ = {)
for 7 # 7/, the third inequality from the fact that the game has finitely many periods
with probability 1,4 and the last equality is obtained by changing the order of the

summation. OJ

B.7 Examples 2.1, 2.2, and 2.3
Consider the game of Examples 2.1, 2.2, and 2.3 adapted from Harris et al. (1995).

We first explain why the base game does not have any subgame perfect equilibrium.
Denote by 3 the probability that player B plays R. If § > 1/2, player A prefers to
play a < 0 as this would imply that ¢ = d = L, maximizing the probability of a wrong
guess by B. Anticipating this, player B would profitably deviate to 5 < 1/2. The
same argument applies when 8 < 1/2. Consider the case § = 1/2. For every a # 0,
there exists a’ # 0 closer to zero, i.e., |a’| < |a|, that yields a higher payoff to player
A. Finally, the action a = 0 is optimal for player A if and only if players C' and D
are perfectly coordinated, i.e., c =d = L or ¢ = d = R, as a function of b. However,
this implies that B cannot be indifferent between L and R, as B’s payoffs from her
two actions never coincide when C' plays pure actions. This shows that no subgame
perfect equilibrium exists. Consequently, no Markov perfect equilibrium exists either.

Next, we show that the strategy profile described in Example 2.3 is an SPE.
Restrict player A to randomize uniformly between the actions § — ¢ and —d + ¢, for
e € [0 —1,0] such that a. :==1/2- (6 —¢)+1/2- (0 +¢) € A(A). It is immediate to
see that players B, C', and D cannot profitably deviate; we focus on player A’s best
response. Player A’s payoff is

—10-P({c # d}|ac) — 3|0 — 2],

where IP({c # d}|a.) is the probability that C' and D play different actions conditional

14This latter condition implies (1 — Y5, P/(Hf|0)) = 2.2, PI(H'|o).
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on a., which equals®® (25— o)
—€
P({c # d}|a.) = ¢ o5z
for € > 0 and zero otherwise.

Clearly, ¢ < 0 cannot be optimal since, compared to ¢ = 0, it does not affect
P({c # d}|a.) and increases 3|6 —e[%. Furthermore, it is easy to check that A’s payoff
is decreasing in ¢ for ¢ € A, making it optimal to set ¢ = 0 and uniformly randomize
between ¢ and —9J.

We are left to check whether player A could profitably play actions different from
the ones that take the form of a.. This is not the case since for every mixed strategy
a € A(A) and action a € supp(«) N (—6,0) # 0, player A obtains a higher payoff by
assigning a(a) > 0 weight to 0 instead of a.

Formally, let o« € A(A) be a mixed strategy. Clearly, if supp(a) N [—d,d] = 0
then « is not optimal. Assume that a € supp(a) N (—0,d) # 0. By following steps
analogous to the ones displayed in footnote 15, one can show that the probability
that C' and D play different actions given a equals

2 _ |52
P(c # djla) - T—17

Therefore, A’s payoff from playing action a amounts at

6% —|al?

UA(C_L) =-10- 552

1, 1
— —la ——[0] =Ua($
Jlal? < —2 18 = UA()
where the inequality follows from first order conditions as § € A C [—1,1].

B.8 Applications to Markov Games

Application 2. We are left to show that Markov information and Markov payoff are
satisfied. The former holds since the unobservable component of the current payoft-
relevant state, that is, each opponent’s private shock, is independent from past in-

formation conditional on the current payoff-relevant signal of each player. Therefore,

15 Applying conditioning, it follows that

P({e # dYla) = 1/2- (P({e # d}J5 — ) + P({e £ dY| 5+ 2)
=1/2-(2-P(s; >0[6 —¢) P(s_; <0[d—g)+2-P(s; > 0] —d+¢) - P(s_; <0| -5 +¢))

(75 (L) () (i) 57

for every i € {C, D}.
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the current-payoff relevant signal is as informative as the private history to predict
the current payoff-relevant state. Markov payoff holds by the same argument and the
fact that flow payoffs depend only on the current action profile and the payoff-relevant
private signals.

Application 3. In asynchronous games, if the active player perfectly observes the
current payoff-relevant state, then both Markov information and payoff are satisfied.
Indeed, as private histories do not record inactive periods, the current payoff-relevant
signals coincide with the payoff-relevant state, satisfying Markov information. Markov
payoft follows by the fact that the payoff received during inactive periods equals zero.

Asynchronous revision games. Let Q = Uien(X" X [0, 7)) with T € Ry U {oo},
representing the history of action profiles and the timing of the current move. For
i € N, assume QF = Uien(X? x [0,7)) and v (w?) = w? for each w € QF. For
¢ € N,h" € #*, ’yf(he) = (t1,...,te—1), that is, the previous moving times are part
of the payoff-irrelevant signals. The rest of the environment is as in games with
stochastic moves opportunities described in Section 5, with the additional assump-
tion that opportunities are drawn independently at exogenous Poisson rates. Payoff
boundedness and continuity are satisfied under standard restrictions concerning pay-
offs. For instance, payoff boundedness is satisfied by the hypotheses of Lemma 3.
MAC(a) holds across periods since timing of moves are drawn at Poisson rates, and
the history of actions profile is countable, while MAC(b) holds as there are finitely
many actions. Markov information and payoff hold since the active player perfectly
observes the current payoff-relevant state.

Dynamic cheap talk games. The sender observes the whole history of the game,
including the current exogenous state w € Q, and selects a message m € M; the
receiver, observing only the sender’s messages, implements an action a € A; the
exogenous state transition p : A — A(Q) depends on the current action played by
the receiver; payoffs depend on the current state and receiver’s action, (W, a) € QO x A.
We assume the sets M and A are finite to ensure that payoff boundedness, payoft
continuity, and MAC hold.

We can write the set of the states of the world as Qf = 2 x M x A, incorporat-
ing the current message and previous actions played by the receiver. For i € {s,r},
representing the sender and the receiver, respectively, the current payoff-relevant sig-
nals are: s%(hy) = (&, al"7) for h, = (Of, m!t,a’™t) € #,; s5(h,) = (al=],mi) for

h, = (a"~*, m') € #,. Markov information is satisfied as, before moving, the sender
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observes the current exogenous state and the previous receiver’s action, which consti-
tute the current payoff-relevant state, and the receiver’s inference about the current
exogenous state depends only on her previous actions played and the current message
received, which constitute her current payoff-relevant signals. Markov payoff holds

by the same argument.

B.9 Conditional v-equilibrium

We discuss the relation between our notion of é-constrained equilibrium and the one of
conditional v-equilibrium, where, conditional on every set of private histories occurring
with positive probability, each player’s strategy is a best reply to the opponents’
strategies up to v payoff. The following definition adapts Myerson and Reny’s (2020)

conditional v-equilibrium to our setting.

DEFINITION 5. Let v > 0. A strategy profile 0 € ¥ is a conditional v-equilibrium
if, for every i € N, ¢ € N and Z € M(#}) satisfying P;(Z|o) > 0,

Ui(o|Z,0) +v > U(o.,0_4|Z,0), Vo, € ¥;.
The following assumption requires that players’ expected payoffs decrease at a suf-

ficiently fast rate over periods. Let U;(6|Z, o) be calculated as U;(6]Z, o) except that
g replaced by |gi|, and let U (61Z,0) = > o, [ Uie(Glw™, a™ 1) dP] (W™, a" 1| Z, 0).

AssSUMPTION (Regularity conditions). The following holds:
1. For every e > 0, there is t(e) € N such that

sup{| >_2, o) Uie(0]Z,0)|li € N, Z € m#:H), t €N, 0,6 € X} <&,
and (1 —¢)"® =1 ase — 0.
2. For every Z € M(#]), L € N, sup, ,ex, Ui(6]Z,0) < oc.

3. For every 6 € X, 7 € N, and a™' € X", there is a transition probability
/“’LZJ,CL(.7 aT_1|'a 5’) : ge@ — A(QT) such that

dpg,o(WTla”™ 1) - pla™ W™, 6) = duf, (W, a7 Ry, 6) x dPy(hil6).

The regularity conditions (RC) hold in any game that has finitely many periods
or discounted payoffs. The following proposition shows that é-constrained equilibria

are conditional v-equilibria, relating the two concepts.
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PROPOSITION 6. If payoff boundedness, payoff continuity, SAC, and RC hold, then,
for everye > 0, € € &(¢), and é-constrained equilibrium o€, there exists v(e) > 0 such

that lim._,ov(e) = 0, and o° is a conditional v(e)-equilibrium.
Proof. The notation used in this proof is introduced in Supplemental Appendix B.5.

LEMMA 14. Under payoff boundedness, payoff continuity, SAC, and RC, the follow-

ing statements hold:

1. For every { € N, Z € M(3}) with Py(Z|o) > 0, and for every strategy 6 € %,

there exists a strategy o) such that

0'2 € arg maX{Ui(@,&_ﬂZ, 62)\@ € Ez(a—m Z)} (15)

2. If (03,0_;) satisfies condition (12) with ¥; = ¥, then there is a pure strategy
a; : #; — X; such that U;(o;,0_;) = Us(a;(+),0-;).

3. Let £ € N and Z € M(H!). For every o. € %,(64,7Z) that satisfies condition
(15), there is a strategy o € 3;(6;, Z) that is pure at every h; € #;(Z), such that
UZ'<O',£, 6'_Z'|Z, &1) = UZ‘(O'g, &_i‘Z, (3'1)

Proof. Point 1. It follows from the fact that ; = {0 € 3|o;(-|s!,al™!) =

Gi(-st,al™t), (st,al™') € St x Xt hi(st al™) € #F,r < € < t}, the set of extended
strategies coinciding with &; at all private histories of length less than /¢, is closed
in the weak topology, and, therefore, it is compact. Under payoff boundedness and
continuity, SAC, and RC, by Lemma 7, U;(-, 6_;) is continuous and, therefore, attains
its maximum, which we term ¢/, over 3;.'% Now, o/ extends a strategy that satisfies
the best response equation (12) with 3; = ¥; and coincides with &; in private histo-
ries of length less than ¢. Therefore, (6;|7,07) € % for every &; € %;. By Lemma
11, o/ satisfies condition (15). By the definition of the conditional expected payoff,
o = (0|z,0;) satisfies condition (15) as well.

Point 3. Let o] € (63, Z) satisfy (15) for some ¢ € IN U {0}, and Z € N(#}).
Define the correspondence € : Z = X; as {(h;) = {a; € X;|o}(a;|h;) > 0}. By Lemma

15, ¢ has a measurable selection a; ¢(h;).

16See Corollary 2.35 in Aliprantis and Border (2006). Notice that we abuse notation slightly by
denoting strategies and their extensions by the same symbol.
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We show that U;((a;(+),0}),0_4|Z,6) = Ui(o},6_;|Z, &), where (a;,(+), o)) denotes
the strategy that that coincides with a;,(h;) on every h; € Z, and is equal to o,
otherwise. Suppose U;((ai((+),01),06_i|Z,6) < U;(0},6_4|Z,5).

For any strategy o/ € ¥,(6;,7Z), we can write

Ui(oy,6-ilZ,6) Z / / Uis(of,6-ilw™ ", a7) - pi(al|w™, 07)
Z|O’ (ﬁh) 1 Z) FeT+1
alw” 0—)d/f“( T aTw aT ) dpg (W e

R / / Ut ) o T ) T T )
t>7’

dul G (w™ a7 W, o N dpl, o (W, a7 R, 6)dP(Ril6),

where U; (07, 6_;|w™ a™) = g;(w™ " a7) and the last equality follows from the
definition of P; and RC.3. Therefore, U;((a;((-),01),6-i|Z,6) < Ui(o},6_;|Z,5) im-
plies that there is Z € M(#!), Z C Z with Py(Z) > 0 such that for every h; € Z

Z/ +1 Ui U’&_i’wT+17aT)'U£(aZT|wT7aTil)‘&—i(azi,r‘wT’a )d/[+1( T+17QT‘hiv&)
TEN, r
t>T1

> E / » Ui( 01,0_1|w7+1 aT)-ai’g(aiTAwT?aT_l)-&_i(aT_iAwT,a )d,uTH( T+1,a7|hi,6)
TEN, "
t>1

where a;(a] |w™, 0™ ") = 1if a] . = a; (A} (w", 0™ 1)), and dult! (W™, aT|h, ) =
dluTJrl( T+ am|w, a/Til)d/J/Z;a(wT, aT*1|hZ~, 5).

Now, mnotice that we can write oj(a] |w,a™ ") = oj(a] |w",a™ ") (1 —
aie(al Jw”, a™ 1)) 4oi(a] |w”, a" Na;e(a] |w, a”"). Therefore, the previous inequal-
ity implies

Ui(ol,6_4|2,6) Z // Ui(of,6—ilw™,a”) - of(a] Jw™,a” )
FeT+1

T€N,
t>T1

(1= aselal w7, a ™)) - boilaly T, o) dplE W aT i, 6)dP (i)

+ Z / / 1 Zt 0—170-—2’“;7-’_1 a'T) : Z( ;{:T‘CUT,GT_1> 'Ufi(ai,f(ﬁlh<w7-,a7—_l))|w77a,T_l)
HT

T€N,
t>T1

—i,T|wT ) d:UJT+1( T—Ha aT|hiv a-)dB(hl|6-)



where we used Tonelli’s theorem to write the bound as a sum of two integrals.

However, this last inequality contradicts the optimality of o}: the payoff on the
right hand side of the inequality is the payoff from the strategy that instead of putting
weight o} (a;¢(h;)|hi;) > 0 on a;(h;) randomizes according to o}, for h; € Z. From
the inequality, this alternative strategy yields a higher expected conditional payoff.
Arguing recursively, by defining a new correspondence from #;(Z) N #] to X;, for
each 7 > ¢, and finding a measurable selection a; . we can construct o/’

Point 2 can be shown by an analogous argument. O]

Let 0* € ¥(£). Let us show that, if € is an e-tremble, then it is a conditional
v-equilibrium for every v > v(¢g), where v : [0, 1] — (0, 00) satisfies lim._,o v(g) = 0.
Suppose there is v > 0, Z € M(#;), and o, € 3, such that

Ui(c*|Z,0") + v < Ui(o}, 0,1 Z,0%). (16)

Let 0, € argmax{U,;(o},0*,|Z,0%)|o} € X,(0f,Z)}. The strategy &, exists by
Lemma 14.1, and by Lemma 14.3 it can be chosen so that it is pure in #;(Z). Let
a; : #;(Z) — X; be the function that yields the action that is drawn with probability
1 by i(-|h;) for h; € #;(Z).

For each h; € #;(Z) define B(hi) == 3_, cv\ayni) E(hi» @:). By Lemma 15, 3 is
M(#;)-measurable. Define the strategy

of(a;|h;)  otherwise.
Notice that, ¢; is é-constrained.
Define H'(Z) = {(u,a’) € Q x XMW, a"Y) € #;(Z)} and a(w,al) =
IL, < it ate-y (L = BRH (W™D aTD))) for (W', a’) € QF x X'
For o € ¥ and o] € ¥,(0;, Z), we can write
Uit(Gi,02|Z,07) - Pi(Z]o™) = / gi(w', a") - pilagle’, Gi)p—i(al|w’, o) dpg, o (', a)
HY(2)
= / gi(w',a") - pilailw', 67) - pi(al|w’, 0%;) - aw', ') dpf, o (@', a' )
H'(2)

4 / gilwt, a’) - m(E, W, al) - pial ', o%) dyi, o (),
HY(Z) '

where m(,w', a') > 0 is a function of & such that m(&,w', a') < e for every (w',a") €
Hi(Z) N #H". Notice that U(o},0-;|Z,0) = >,cn Uin(0], 03| Z, 0).
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Let t(¢) be as in RC.1, then

Ui(64,0%312,0%) = > Uss(6i,0%,1Z,0%) — e> Z Uii(6),0%,|Z,0%) — ¢
t<t(e) t<t(e

| . (Z/ (1-a(w a))lgi(wtvat)l-ﬁi(aﬂwt,6%)'pfi(at_ilwt,UL')d#ﬁ;,a(wtvat)

t<t
3 / lgs(t, )] - (&, wt, at) - p mwt,o*»dua,a(wt,at))
t<t(e)

> Ui(61,0%,|1Z,0%) — 26 — (1 — (1 —)!®) + &) sup U;(6]Z,0),
6,0€%

where in the first and third inequality we use RC.1, and in the third inequality we
use a(wt, at) > (1 — &) for t < t(e).

Define v(e) = 2e + (1 — (1 — €)"® + ) sup, ,ex Us(6]2,0). If v > v(e) then
Ui(c*|Z,0*)+v < Ui(6},0%,|Z,0*)<U;(64, 0% ;| Z, %) +1/(e), which is implied by equa-

tion (16), contradicts that o* is an é-constrained equilibrium. By RC, lim. o v(¢) = 0.

C Supplemental Appendix — Mathematical Results

C.1 Carathéodory integrands and measurability of weak limits

Let (Y,7(Y), ) be a measure space, Z be a countable metric space endowed with
the o-algebra of all subsets of Z and the counting measure, and 11(Y ")y be a sub
o-algebra of M (Y).

The following result shows that a correspondence from Y to Z, which may not be
closed-valued, has a measurable selection under a condition weaker than measurabil-

ity. It relies on the countability of the set Z.

LEMMA 15. Let ¢ 1 Y = Z be a non-empty valued correspondence such that for
every z € Z the set {y € Y|z € ¢(y)} is M(Y )o-measurable. Then ¢ has a M (Y )o-

measurable selection, and for any M(Y )o x N(Z)-measurable, real valued function g,
> ooy W, 2) is (Y )o-measurable.
Proof. Let (zj)jen be an enumeration of the set Z. Define the function
m;i(y) =1z & o(y)} — 1/7.
Then, the function m(y) = inf,;en m;(y) is strictly negative (¢ is non-empty valued),

finite for each y, and M(Y )o-measurable. It yields 1/j for the smallest j such that
zj € ¢(y)-
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The selection z(y) = 21/m(y) is M (Y )o-measurable. In fact, for a measurable set
Z € M(Z), we can write Z = (%n; )n;en for some subsequence (n;);en of IN. Then
2 NZ) ={y e Y||1/m(y)] € (n;);en} is in M(Y ), since all countable subsets of R
are measurable.

Let myg(y) = Zle 3(y, zj) - 1{z; € ¢(y)}, then my(y) is measurable and, therefore,
iy o0 1 (Y) = D-,c () 9, 2) is (Y )g-measurable. O

The following corollary is a consequence of Proposition 5.

COROLLARY 2. Let ¢ € CI(Y x Z,M(Y),B) and let p = E(p|NM(Y)o @ N(Z))
denote the conditional expectation of ¢ with respect to M(Y )o @ M(Z). Then there
is a version of p € CI(Y x Z, (Y )y, B).

The following example shows that continuity in the strong total variation norm is

stronger than continuity in the total variation norm.

EXAMPLE 4. Let 3 be a the uniform distribution over ¥ = (0,1), and define Z =
{2 | 2p) = (1/n,k/n2) Jk,n € N,k € [1,n—1]} U (0,0). Let ¢(y, (0,0)) =1 for
every y € Y, and

0 ifyelk—1/n,k/n

(Y, 2niy) = § 2 ify € (k/n,(k+1)/n]

1 otherwise.

Define £(Y|2) = [, ¢(y, 2) dB(y) for each Y € M(Y).
Now take a sequence z,, — (0,0). We can write 2, = Z(n,, k) With Kp,/nm — 0.

We have

sup 37 [ ol m) = (00,00 4500 < 2/

men(Y) Yer

and, hence, (+|z) is continuous in z in the total variation norm. Now, consider the y
dependent sequence z,(y) = 2k With k(y) = [y -n]. Then for each n € N,y €
Y, |Z(n,k(y)) - (070)| < 2/”7 while |90(yaz(n,k(y))> - sp(ya (070))| = 1, and, therefore,
1€ = €9 (0.0),1/m|lsv > 1. This shows that £(+|2) is not continuous in z in the

strong total variation norm. <

Let Z and Z be countable sets endowed with the o-algebra of all of their sub-
sets and the counting measure. Let T}, : ¥ — Y and 7, : Z — Z be measur-
able functions, and (Y,71(Y), 8) and (Y, M(Y),5 = B o T, ') be measure spaces.'’

"The measure 8o T, ! is defined by 80T, '(B) = B(T, }(B)) for each B € M(Y).
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We say that a net of measurable functions (f*)yea € RY*Z converges to f if

I(fY) = [, > ,c, 0y, 2) fA(y, z) dy converges to I(f) for every ¢ € CI(Y x Z, ).
The convergence for functions in RY*Z is defined analogously.

LEMMA 16. Let M(Y x Z)y = o{(T,,T.)""(B) N B|B € M(Y x Z)}, for a set
B € M(Y xZ). Suppose that (f)ren is a net of functions each of which is measurable
with respect to M(Y x Z)o and has support in B. If (f*)xea converges to f, then f
is measurable with respect to M(Y x Z)o and has support in B.

Proof. Let T' = (T,,,T,). By Theorem 4.41 in Aliprantis and Border (2006), we can
write fMy, z) = fMT(y,z)), where fis a M(Y x Z)-measurable function for each
A € A. Let f be the limit of a subnet of (f*),ea. We show that f(T(y,2)) = f(y, 2)
for each y € Y, establishing the desired conclusion by the same theorem.

Suppose not, then there is a test function ¢ € CI(Y x Z, ) such that I,(f) #
I,(f o T). Let ¢ be the measurable function such that for every B € M (Y x Z)o,
Jy 2oz ¥y, 2) (. 2) € B}YdB(y) = [, 22 Zezw y,2)1{(y,z) € B} dB(y) for every
B € M(Y x Z|T). Since the measure i(B) = [, > .., U{(y,2) € B}dp(y) for
B € M(Y x Z|T) is o-finite, 1 exists by the Radon—leodym theorem.

By Theorem 4.41 in Aliprantis and Border (2006), there is a measurable function
1/3 .Y x Z — R such that Q/AJ =) o T, and, by Theorem 13.46, for every measurable
g:Y x Z — R with support in T(B)

:/YZ&(Z/,Z)Q(@ /Zw y,2)-goT(y,z)dB(y) (17)
z€7

z€Z

By Corollary 2, i(y, z) is continuous in Z, for § in a B-full-measure subset of V.18
This contradicts limy I, (f*) # I,(f o T) as we have limy I,(f*) = limy I,(f* o T) =

lim,, d}(f)‘) = Iw(f) — I,(f o T), where the third equality follows by the definition of
f, since p € CI(Y x Z,[3), and the second and last equalities follow by (17). ]

C.2 A special case of dominated convergence for nets

The following results show that results analogous to Fatou’s lemma and Lebesgue’s
dominated convergence theorem hold not just for sequences but also for nets under
the counting measure. The proofs of Lemma 17 and Proposition 8 are close to the

standard ones—except that one replaces sequences by nets—and use Proposition 7.

18By Corollary 2, v is continuous in Z almost surely in Y. This implies the continuity of t);.
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We include the proof of these Lemmas for completion. Proposition 7 does not hold

when one replaces the sum by a measure over an uncountable set.

PROPOSITION 7 (Monotone convergence). Let (Zok)acaren € Ry be a net, with
A a directed set, be such that (i) o > o implies T > Tor i for all k € N, and (ii)
there is M such that Y, | xay < M for all « € A then xy = lim, x4 ezists for each
keIN andlimy Y 10 | Tak = D gy Tk

Proof. The net z, has a limit, xy, for each k, as it is non-decreasing and bounded
by (i7).

Let B = {(a,n)|a € A,n € IN} be a directed set with (a,n) > (¢/,n') if and
only if & > o and n > n’. And define yo, = > o, Takr. The net (yp)pep is non-
decreasing and bounded and, therefore, has a limit—its supremum in IR—which we
denote s. That is, for each € > 0 there is @ and n such that « > a@ and n > n
implies |ZZ:1 Tok — s‘ < e. For each @ > @, the sequence (Yan)nen 1S monotone
non-decreasing and bounded. Therefore, it has a limit and by the continuity of the
absolute value we obtain, ‘Z;il Tak — s‘ < e. This shows that lim,, 2211 Tajk = S.

For each fixed n > 7, there is d&(n) > @ such that Y} | Zamye — Dopoy | <
e. Therefore, for each n > @ there is d(n) such that |7 z,—s| <
}Z:Zl Tan)k — D oper xk’ + |ZZ’:1 Tan) b — s| < 2e. This shows that > ;7 2, =s. O

LEMMA 17 (Fatou’s Lemma). Let (o )acaren € Ry be a net, with A a directed
set, and sup, inf,>5 (220:1 xmk) < 00. Then, for each k € N, zj, := supg inf,>5 Ta

exists and Y~ Supg infosa Tag < sUpg infasa D pey Tak-

Proof. Define y o = inf{zy4|& > a}. Since > is transitive yy, o is non-decreasing in a.
Then, (377, Yk.a)aca is a non-decreasing and bounded net, and, therefore, has a limit.
Furthermore, for £ € IN, o € A we have y; o < xp4. Therefore, lim, > 7, Yo <

SUpg info>a Y peq Tha < 00. To conclude note that by Proposition 7 the left hand side

of the previous expression is equal to > - limg, Yko = Doy SUPg iNfa>a Ta k- O

PROPOSITION 8 (Dominated convergence). If zy = lim, o for each k € N, and
there is (y)keN, With | > pe, Yk < 00, such that |xqy| < yg, then limy, Y o |Tar —

.Tk| =0.

Proof. Notice that |xar — xk| < |Tax| + |zx] < 2yg. Therefore, by Lemma 17
infs SUPy>g oot [Tak — Tkl < Doy infasup,sg [Tar — xx| = 0. This shows that

limg > ooy |Tha — 2] = 0. O
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