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Abstract

A novel holdup problem emerges when a consumer invests in learning about product quality set by a
producer. Flexible information acquisition, modeled using rational inattention, mitigates holdup
by enabling positive quality provision: in equilibrium, the producer randomizes between zero
and a higher-than-price quality. A trade-off arises. When attention costs decrease, the consumer
learns more precisely. However, more precise information makes downward quality deviations more
profitable; to deter them, the consumer trades less frequently. When attention costs vanish, holdup
becomes inevitable: the consumer never trades, and the market fails. A new refinement, preventing

free information acquisition, uniquely selects this binary-quality equilibrium.
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1 Introduction

Relation-specific investments enable opportunistic behavior, giving rise to a key issue: the
holdup problem. Once investment costs are sunk, investors become vulnerable to opportunistic
actions by other parties who have no incentives to compensate them for their costs. No compen-
sation leads to underinvestments and inefficiencies. As highlighted by a broad body of literature
(Grout, 1984; Grossman and Hart, 1986; Aghion et al., 1994), contracts play a crucial role in
disciplining opportunistic behavior. However, contracting does not always suffice, for instance,
when investments are difficult to assess due to their complexity (Segal, 1999; Battigalli and Maggi,
2002; Tirole, 2009). In such cases, parties may need to process information to understand the
investment decisions made by their counterparts. When information processing is costly, a
second holdup problem emerges concerning the investment in information. This is the object of
our analysis.

To exemplify, consider a bilateral trade relationship in which a producer makes a relation-
specific investment to supply a consumer. Such relationships are a classical setting for holdup:
once investment costs are sunk, the consumer may appropriate the resulting surplus, leaving
the producer insufficiently compensated. Contracts can protect investment incentives by dis-
ciplining quality provision. However, some dimensions of quality are difficult to contract and
observe. To discipline quality provision along these dimensions, the consumer may need to ac-
quire information before deciding whether to purchase. Information acquisition is itself a costly
investment, undertaken only if, on average, it compensates its cost by improving purchasing
decisions. With little incentive to process information, product quality—being costly to improve
and hard to assess—may decline. In particular, without processing information, quality may fall
to a level that makes trade nonviable, causing this market to fail.

In the context of a quality provision game, we show that flexible information acquisition
mitigates the holdup problem by allowing the consumer to acquire imperfect information.
Indeed, information that is too imprecise does not sufficiently discipline quality provision,
while perfect information is also problematic, since the producer can profitably deviate to the
lowest acceptable quality and prevent the consumer from recovering the cost of the information
investment. Flexible information therefore allows the consumer to choose exactly the degree of
imprecision needed to provide incentives to invest in both quality and information. Crucially,
these incentives depend on information processing costs. When processing costs decrease, the
consumer learns quality more precisely, leading the producer to provide higher quality levels.
We refer to this force as the attention effect. At the same time, more precise information exposes
the consumer to the producer’s opportunistic behavior by making deviations to lower quality
more attractive. To deter such deviations, the consumer participates in the market less often,

reducing trade frequency. We refer to this force as the holdup effect.
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The interplay between the attention and holdup effects becomes particularly stark as infor-
mation costs vanish. As information becomes nearly perfect, slightly lower qualities would still
be accepted with high probability, giving the producer strong incentives to deviate downward. By
the holdup effect, the consumer deters these deviations by trading less often. In the limit, trade
vanishes, and the market fails. Thus, while information investments can be held up when costs
are too high—causing market failure—the holdup problem also emerges at the opposite extreme,
where information is effectively free. The takeaway is that the market as a whole benefits from
moderate information frictions.

We study the holdup problem in information investments by incorporating rational inatten-
tion into a quality provision game. A producer invests in the quality of its product before offering
it to a unit-demand consumer at a fixed price. Production costs are linear in quality and sunk
at the time of trade. The consumer learns about quality by selecting an information structure.
Following Sims (2003) and the related literature, we assume that the information processing
cost, which we interpret as an attention cost, is proportional to the average entropy reduction of
consumer beliefs. Once information is realized, the consumer decides whether to purchase, and
the game ends.

A known issue arises when entropic costs are used in strategic settings. Because entropy
reduction is unaffected by zero-probability events, Nash equilibrium does not restrict the con-
sumer’s off-equilibrium behavior. To fix this problem, we adopt Ravid’s (2020) credibility notion,
a trembling-hand-like refinement selecting best responses in which the consumer treats every
quality as if it occurred in equilibrium. We identify an additional equilibrium with deterministic
quality that, although credible, is unappealing as it relies on entropy reduction being zero when
the consumer’s beliefs are deterministic. To exclude it, we introduce Shannon best responses,
which complement credibility by requiring attention strategies to remain optimal under arbitrar-
ily small positive information costs. Shannon best responses ensure that information costs are
positive whenever the consumer is paying attention. We call the related equilibrium concept
Shannon-Nash.

We focus on Shannon-Nash equilibria with positive quality provision, where the producer
provides positive quality with positive probability. Notice that market failure is always possible
in our setting: there is a no-learning equilibrium in which the consumer believes quality is too
low to pay attention and leaves the market without buying, and, as a consequence, the producer
sets a low quality to save on production costs.

We highlight two key features of Shannon-Nash equilibria with positive quality provision:
inefficient trade and binary quality. In particular, the producer randomizes between zero and
a higher-than-price quality. We provide intuition for these results. Trade must be inefficient

because the consumer cannot accept the producer’s offer for sure without accepting every offer



for sure. But, if the consumer always accepts, the producer optimally deviates to the lowest
possible quality. To understand why quality provision is binary, first note that quality must be
random, with realizations both below and above the price. When best responses are Shannon,
attention is costly, and the consumer never pays attention if quality is deterministic. Without
attention, however, the producer would again deviate to lower qualities. Finally, quality provision
is binary because, to deter deviations, the linear isoprofit curve must lie above the consumer’s
best response, which is s-shaped.

Our main result shows that flexible information acquisition mitigates the holdup problem in
information investments if the consumer is sufficiently attentive. Specifically, a unique Shannon-
Nash equilibrium with positive quality provision exists if and only if the parameter that governs
the attention cost, A > 0, is lower than a threshold, A. To build intuition, as attention costs
increase, the consumer becomes less attentive and makes mistakes more often. By the attention
effect, this implies that the high-quality level decreases. In particular, as A — A, high quality
converges to its minimum level, the price. At A = A, the market fails: the producer becomes
indifferent between setting quality equal to zero or the price, providing no incentives for the
consumer to pay attention. When A > 1, the consumer makes mistakes too often to sustain
higher-than-price quality. Therefore, the attention investment is no longer compensated.

As previewed, when the attention cost vanishes, A — 0, the market fails. To discourage
deviations, the consumer resorts increasingly often to the no-trade outside option, until quality
provision and trade vanish, as in the no-learning equilibrium. By contrast, when information
is free, A = 0, only one credible equilibrium exists, which is also Shannon-Nash: the free perfect
information equilibrium—the consumer pays full attention for free, and the producer sets quality
equal to the price. This discrepancy stems from the discontinuity of credible best responses at
zero information costs. Recall that credibility requires the consumer to treat every quality as if it
occurs in equilibrium. Therefore, when information is free, credibility requires the consumer
to accept every quality above the price: purchasing at these qualities yields a gain, while any
additional information is costless. With positive information costs, however, these gains must
be weighed against the cost of acquiring information. In equilibrium, as information becomes
cheaper, high quality becomes rarer, shrinking the gains from acquiring information. As a
consequence, progressively cheaper information does not lead the consumer to accept every
quality above the price, as credibility would require at A = 0.

This result reinforces, through a different channel, the message of Ravid et al. (2022), who
caution against approximating economic environments with small information costs by models
with free information. In their setting, the argument rests on equilibrium selection: as informa-
tion costs vanish, the market converges to the worst free-learning equilibrium. In our setting,

where both quality provision and information acquisition are endogenous, the discrepancy



instead reflects a failure of prediction: when information is free, A = 0, the unique Shannon-Nash
equilibrium predicts the free perfect information outcome; as information costs vanish, A — 0,
the Shannon-Nash equilibrium instead converges to no quality provision and no trade, as in the
no-learning equilibrium.

The discussion above already suggests how surplus varies in the attention cost. When costs are
low, the consumer makes fewer mistakes—which helps the consumer but hurts the producer—
and trade inefficiency is high—which hurts both. For this reason, profits are increasing in the
attention cost and converge to zero as A — 0. The consumer utility, instead, is non-monotonic: it
converges to zero at both extremes (1 — 0 or A — 1), while it is strictly positive in equilibrium
as the consumer extracts information rents. Therefore, if the consumer could manipulate her
attention, she would prefer to be more inattentive for values of A close to zero and less inattentive
for values of A close to A. The producer, instead, would always prefer to face a more inattentive
consumer. As a consequence, a bit of inattention is Pareto-efficient. In particular, increasing
inattention benefits the market as a whole when the consumer is particularly attentive, while it
benefits only the producer when inattention is already sufficiently high.

So far, our analysis has assumed a fixed price. How does the provision of quality change as the
price changes? First, we show that a Shannon-Nash equilibrium with positive quality provision
exists if and only if the price p is above a certain threshold, p. To build intuition, when p — p,
we have that A — A, which implies that the producer becomes indifferent between providing
zero quality or a quality equal to the price. If p < p, the attention and production costs become
too high to sustain positive quality provision: the producer finds it optimal to set quality to zero,
causing the market to break down.

We further show that profits decrease with price, which implies that the producer would
choose the lowest available price sustaining positive quality. Intuitively, low prices provide com-
mitment benefits for the producer by changing the consumer’s incentives to acquire information.
By committing to a lower price, the producer makes attention more costly relative to the price,
inducing less selective purchasing and more frequent trade. In particular, as p — p, the threshold
A approaches A. As with higher attention costs, lower prices therefore induce equilibria with a
higher average trade probability. At the same time, a lower price reduces the producer’s revenue
from each sale. We show that the benefits of higher trade efficiency outweigh the revenue losses.

Next, we study what happens when production costs vary. We show that profits are higher
when costs are higher. As in the price comparison, the result reflects a commitment benefit: high
production costs induce lower high-quality levels and allow the consumer to trade more often,
increasing trade efficiency. In particular, we show that the positive effects of higher production
costs—a lower high-quality level and a higher probability of trade—always outweigh the negative
effect of making production more expensive.



We conclude by discussing additional results and alternative assumptions. First, we show
that average quality increases with attention and production costs, even though the high-quality
level decreases, and is non-monotone in price. Then, we show that the binary-quality struc-
ture of our equilibrium extends to other information environments satisfying convex-concave
information—a generalization of additive normal noise. Market failure as information costs
vanish is not an artifact of entropic costs. We establish this result in a setting where the consumer
observes quality with additive normal noise and chooses its precision, the inverse of the variance,
paying a cost proportional to it. However, market failure is not the unique limiting prediction:
another equilibrium sustains positive trade in the limit. Finally, we extend the analysis to convex
production costs and show that, conditional on binary-quality Shannon-Nash equilibria, the
attention and holdup effects and the limiting market failure result continue to hold. Supple-
mental Appendix A discusses recoverable production costs, equilibrium purification, consumer

heterogeneity, and equilibria without credibility.

1.1 Related Literature

This paper contributes directly to the literature studying the role of information in markets, in
particular in producer-consumer interactions. The key observation that imperfect information
creates commitment power is not new as it is already explored by Kessler (1998). Roesler and
Szentes (2017) explore the role of imperfect information in a setting in which the seller observes
the buyer’s signal structure before setting the price. In our framework, the producer’s quality
provision needs to incentivize consumer attention; when learning is free, the consumer cannot
credibly induce quality above the price. Furthermore, when attention costs vanish, the equilib-
rium outcome approximates the no-learning equilibrium, which implies zero surplus for both
consumer and producer. This result is reminiscent of Ravid et al. (2022), who show that to sustain
an equilibrium when information costs are positive, the buyer optimally ignores a large amount
of information, selecting the worst free-learning equilibrium when costs vanish. Our result dif-
fers in two ways. First, as information costs vanish, our model always leads to complete market
failure, with no quality provision and no trade. Second, the consumer distinguishes equilibrium
qualities with increasing precision, but high quality becomes increasingly rare because quality
provision is endogenous in our model. Thus, the market fails despite near-perfect information,
and the limiting outcome lies outside the set of free-learning Shannon-Nash equilibria.

Our paper fits in a recent literature documenting trade inefficiencies when the consumer ob-
serves the producer’s offer imperfectly (Ravid, 2020; Denti et al., 2022; Wolitzky, 2023; Cusumano
et al., 2024). Inefficiencies arise since the producer, lacking commitment power, cannot refrain

from making bad offers when the consumer is inattentive. In our equilibrium, while inefficiencies



are present, inattention helps trade: a high attention cost disciplines the producer by strength-
ening the incentives to provide the high quality more frequently. To refine our equilibrium, we
adopt the credibility notion by Ravid (2020), which requires the consumer’s best response to be
robust to small mistakes made by the producer. We complement it by imposing robustness to
non-degenerate entropic costs, which selects credible strategies where attention entails positive
costs. This refinement is related to the experimental version of entropy-based costs proposed by
Denti et al. (2022) as both prevent degenerate beliefs in equilibria with positive quality provision.

We connect to the classical literature on the holdup problem by interpreting information
acquisition as a relation-specific and non-contractible investment (Grout, 1984; Grossman and
Hart, 1986; Aghion et al., 1994; Anderlini and Felli, 2006).! In Gul (2001) and Lau (2008), the buyer
can generate asymmetric information by randomizing over different investment decisions. In
both models, the consumer has no net information rents and obtains zero utility in equilibrium.
Since our framework considers an investment in information, which is by nature stochastic,
the consumer does not need to randomize to generate asymmetric information. This approach
is shared with Condorelli and Szentes (2020) and Krdhmer (2026) in which the consumer’s
investment results in a distribution of valuations for the good. For this reason, as in their case,
the consumer has information rents and positive utility.

Our findings relate to the literature studying how costly information acquisition about exoge-
nous traits shapes market outcomes (Matéjka, 2016; Martin, 2017; Boyac1 and Akcay, 2018; Yang,
2020; Mensch, 2022; Chatterjee et al., 2025).> Mensch et al. (2026) study a model of monopolistic
screening and show that quality can be below the efficient level for all types. In our setting,
quality is stochastic and may be higher than the free-information level to incentivize information
investments. This aspect is absent in their model as the monopolist commits to a menu of goods
before learning occurs.

Our environment features moral hazard in product quality, linking us to the moral hazard
literature (Mirrlees, 1976; Holmstréom, 1979; Georgiadis et al., 2024). In particular, one can view
our model as an endogenous market for lemons (Akerlof, 1970). In Akerlof’s original market for
lemons, individual qualities are exogenous. In our model, by contrast, the quality distribution is
endogenously determined by the producer’s moral-hazard choice, while the consumer’s beliefs
are endogenously shaped by information acquisition. Similarly to us, Georgiadis and Szentes
(2020) study a model with flexible information acquisition in which a principal monitors the
unobserved effort of an agent by observing the outcome of a diffusion process. The substantive
difference is that their principal can commit to a path-contingent stopping rule and a path-
contingent wage scheme, while our consumer, lacking commitment power, acquires it only

through imperfect information.

1See Che and Sédkovics (2008) for a detailed literature review. See also Brennan (2007), who shows how costly
contract reading can generate a holdup problem and prevent agreement.
2See Mackowiak et al. (2023) for a detailed literature review.
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1.2 Information holdup: an illustration

We conclude the introduction by illustrating in a simple framework the essential ingredients that
may generate a holdup problem in markets with information investments. The holdup arises due
to the nature of costly information acquisition, which is relation-specific and non-contractible.
A formal analysis is in Supplemental Appendix B.

Consider a simplified version of our quality provision game. A producer sets the quality of its
product before offering it to a consumer who cannot observe quality directly but can learn about
it by acquiring information. Price is fixed, production costs are increasing in the quality level and
sunk at the time of trade, and the information technology is perfect monitoring—the consumer
incurs a fixed cost to learn about quality perfectly. Notice that, as in many market interactions,
the consumer does not have commitment power, and decides whether to buy following her
beliefs about quality.

An equilibrium with no trade, which we refer to as the no-learning equilibrium, always exists.
The consumer believes quality is low and leaves the market without monitoring or buying. As a
result, the producer sets the lowest possible quality level to save on production costs. Are there
other equilibria?

It is clear that no other deterministic equilibrium exists: since monitoring is costly, when
quality is deterministic, the consumer has no incentive to monitor. If the consumer does not buy,
we fall again into the no-learning equilibrium; if the consumer buys with positive probability
without learning the quality, the producer profitably deviates by providing the lowest possible
quality. Therefore, an equilibrium with positive quality exists only if the producer randomizes
across different quality levels. In turn, the monitoring strategy must ensure the producer is
willing to randomize across different quality levels without deviating to other qualities.

Our first observation is that an equilibrium with positive quality cannot exist under perfect
monitoring. Intuitively, perfect monitoring implies perfect information about quality, which, in
the absence of commitment power, does not provide any instrument to prevent the producer
from deviating to lower qualities. To understand why, notice that a consumer who observes
quality will buy the product whenever quality exceeds the price. In particular, the consumer
cannot refrain from buying a quality lower than expected as long as it is above the price. But
then, the producer has no incentives to produce a higher-than-price quality. As a result, the
consumer does not monitor, and the market unravels. This is the holdup problem in information
investments.

Our next observation is that an equilibrium with positive quality can exist when information
is imperfect. The reason is that imperfect information provides commitment power to the
consumer. When information is imperfect, the consumer’s purchasing decision does not respond

perfectly to realized quality. This imperfect responsiveness disciplines the producer, who cannot



profitably deviate to lower quality levels without affecting the probability of trade.

To illustrate the role of imperfect information, suppose the information technology reveals
only whether quality is above or below a fixed detection threshold, higher than the price. In this
case, we have an equilibrium with positive quality since the producer has no incentive to deviate
to a quality lower than the detection threshold. In particular, two equilibria with positive quality
exist: in both, the consumer randomly monitors to make the producer indifferent between
producing quality levels equal to zero and the threshold. In one equilibrium, the threshold-level
quality is produced sufficiently rarely that the consumer never buys without monitoring; in
the other, this quality is produced more often, and the consumer always buys even without
monitoring. This difference is particularly stark when the monitoring cost approaches zero: in
the former equilibrium, the probability that the threshold-level quality is produced converges to
zero, approximating market failure, while in the latter, it converges to one, approximating the
efficient market outcome.

This solution is unsatisfactory as it does not deliver sharp predictions about quality provision.
The frequency in which the threshold-level quality is produced, and, as a consequence, trade
efficiency, vastly differs in the two equilibria described above. Furthermore, these equilibria
tightly depend on the fixed threshold of quality detection. If we take a flexible approach and let
the consumer set this threshold freely, everything goes. Depending on the consumer’s beliefs
about the producer’s behavior, a range of quality levels can be sustained in equilibrium by
suitably selecting the right threshold.

For the remainder of our analysis, we study a model of flexible information acquisition, which
abstracts away from particular information structures by assuming that the consumer has access
to all of them. By resorting to the acquisition of imperfect information, this model mitigates the
holdup problem in information investment while allowing for sharp predictions about quality

provision in this market.

2 Inattention to quality provision

A producer (he) sets the quality of his product before offering it for a fixed price to a unit-demand
consumer (she), who can either accept or reject the offer. The consumer does not observe quality
directly but can process information about it at a cost before making her purchasing decision.
We assume the consumer is rationally inattentive (Sims, 2003) and optimally trades off the
benefits of obtaining more precise information about the product against the costs of acquiring

information, which we assume are entropy-based.



Market interaction. The following timeline summarizes how the agents in this market interact.

Each element is described below.

Price Producer g . Consumer N
| | |

p>0 o eAQ) . BQ—I01

(i) First, the price p > 0 at which the market operates realizes. For now, price is exogenously

fixed; we investigate the consequences of endogenous pricing in Section 3.1.

(ii) After observing the price, the producer sets the quality level g € Q := [0, 00) of its product. We
denote by o € A(Q) the producer’s strategy.3

(iii) The consumer can gather information about the realized quality. This is equivalent to selecting
an attention strategy 5 : Q — [0, 1], which specifies the probability at which the consumer
accepts the producer’s offer for every quality level. More formally, one can construct attention
strategies from binary signal spaces, one signal recommending to accept the offer and the
other to reject it, and interpret (q) as the probability of receiving the recommendation to
accept the offer when quality is g. Once a recommendation is received, the consumer follows

it, and the game ends.*

Payoffs. When the game ends, payoffs are obtained. Given a consumer’s attention strategy

B:Q —[0,1], the producer sets product quality o € A(Q) to maximize profits

H(U,ﬁ)zf(p-ﬁ(q)—dq))da(q),

where ¢: Q — [0,00) denotes the cost of quality provision. With a slight abuse of notation, we
denote by I1(qg, B), or simply I1(g), profits when the realized quality is g € Q.

Throughout the analysis, we assume that c is linear in quality and normalize the cost of
producing zero quality to zero, that is, c(q) = a- g, where a € (0,1). Constant marginal production
costs simplify the study of the producer’s incentives while preserving the key trade-off: higher
quality increases trade probability but also production costs. Specifically, linear costs ensure that
Shannon-Nash equilibria with positive quality provision involve only two quality levels, ruling

out more complex distributions that may arise under convex costs.> Nevertheless, the attention

3We endow [0, c0) with the Borel o-algebra, and A([0,00)) with the topology of strong convergence. All functions
are assumed to be measurable with respect to the relevant Borel o-algebra.

“Restricting the consumer’s strategy space to attention strategies is without loss under entropy-based informa-
tion costs. See Matéjka and McKay (2015) and Ravid (2019).

SWe discuss this argument in more detail when we sketch the proofs of our results in Section 3.3.
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and holdup effects, and market failure as information costs vanish, do not require linear costs:
as we show in Section 4, these results continue to hold under convex production costs when we
restrict attention to binary-quality Shannon-Nash equilibria.

Production costs naturally impose an upper bound on the quality level. Specifically, for every
a € (0,1), it is without loss to consider qualities in the compact set Q = [0, p/a], as producing
any quality greater than p/a would result in negative profits. Therefore, p/a represents the
maximum feasible quality the producer can provide.

Production costs are sunk : producing a positive quality entails positive costs regardless of
whether a trade occurs. Therefore, the producer faces a moral hazard problem while setting
product quality. Later, in Supplemental Appendix A, we consider the case of recoverable costs
and show that not even flexible information acquisition can prevent the holdup problem. Intu-
itively, when costs are sunk, the producer’s potential losses facilitate information investments by
providing more incentives for randomization. When costs are recoverable instead, the producer
does not face any loss, cannot be made indifferent across different qualities when the consumer
acquires information, and, as a consequence, the consumer has no incentives to do so.

The consumer processes information at a cost, which we model using mutual information.
The mutual information associated with attention strategy : Q — [0, 1], when the consumer’s

beliefs about quality are u € A(Q), is given by

(1, ) = HELIB) —EL[H(P), (1)

where H: [0,1] — [0, 1] is the Shannon entropy, H(x) = —xlog(x) — (1—x)log(l — x).® Mutual infor-
mation quantifies the difference in entropy between the unconditional probability of accepting
an offer and the probability of accepting it conditional on each quality level. In simpler terms,
it captures how much the consumer’s behavior, as driven by attention, varies across different
quality levels.

The consumer utility equals her gains from trade net of the costs of processing information.
For every producer’s strategy o € A(Q), the consumer selects an attention strategy f: Q — [0, 1]

to maximize

Ulo, p) = f B(q)-(q-p)do(@)— -1, B),

where the parameter A > 0 represents the consumer’s unit cost of information processing. As A
increases, the consumer finds it more expensive, in mutual information terms, to differentiate
her behavior across different quality levels. Again, slightly abusing notation, we write U(q, ), or

simply U(qg), to denote utility when the realized quality is g € Q.”

6we follow the usual convention, that is, H(0) = H(1) = 0.
’All the formal results maintain A > 0, while the free-information case, A = 0, is discussed separately.
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Equilibrium. We adopt Nash equilibrium as the underlying solution concept to analyze our
quality provision game. Recall that a strategy profile (o, p) is a Nash equilibrium (NE) if § is a best
response to g, and o is a best response to f.

The no-learning equilibrium, discussed in Section 1.2, remains a valid NE under rational
inattention. In this equilibrium, the consumer expects quality to be zero and therefore never
purchases, 8 = 0; the producer, in turn, optimally responds by setting the quality to zero, o =
Ti4=0;- In the remainder, we focus on equilibria involving positive quality provision, where the
producer provides positive quality with positive probability.

Before, we need to discuss a known concern related to rational inattention in strategic settings.
The issue arises because mutual information is determined by prior beliefs and, therefore,
unaffected by off-equilibrium contingencies. As a result, the consumer can pay attention to
off-equilibrium qualities (i) arbitrarily, and (ii) at no additional costs. This is problematic since
the producer’s behavior depends on the consumer’s purchasing decision at all qualities—on
and off-equilibrium. In particular, it generates equilibria with deterministic and positive quality
provision, where the consumer selects a non-constant attention strategy for free, allowing her
to react differently to different quality levels without incurring any cost to process information
about the realized quality.?

To solve this issue, we propose a new refinement of Nash equilibrium which complements
Ravid’s (2020) notion of credible best responses. Credibility tackles (i) by selecting the consumer’s
best responses that treat every quality as if it occurred in equilibrium. We additionally impose
robustness to non-degenerate entropic costs, which requires attention strategies to remain optimal
even when processing costs are not zero, but arbitrarily small. A best response that satisfies both
credibility and our robustness notion, which we refer to as a Shannon best response, is optimal

for reasons that extend beyond (i) and (ii).

2.1 Credible best responses

Ravid (2020) identifies a class of equilibria sustained by non-credible threats—such as the
consumer threatening not to buy unless a specific quality level is met— which illustrates part of

the issue previously discussed.

Non-credible threats. Consider the following strategy profile: o = § = Tj4=y.p};, where y €
[1,1/a]. That is, the consumer’s attention strategy recommends purchasing with probability 1
when quality equals g = y - p, and rejecting otherwise. As a consequence, the producer has no

choice but to meet this quality level; o is a best response to 3. Therefore, every quality g #y - p

8This issue does not occur when the information cost is defined in terms of experiments rather than divergence
of beliefs. See Denti et al. (2022) for a detailed discussion.
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occurs with zero probability, and, by equation (1), the consumer utility is unaffected by zero-
probability events. Since f is a best response to qualities that occur with positive probability,
it is a best response to o. Notice that y is set such that trade yields a non-negative payoff to
both players, and, by varying y, every quality level in the interval [p, p/a] can be sustained in

equilibrium.

The credibility refinement. As Ravid (2020) shows, equilibria involving non-credible threats
are fragile to the producer making arbitrarily small mistakes. Intuitively, an attention strategy
recommending purchase only if the producer provides a certain quality level may become
suboptimal when the producer randomizes over every quality. To exclude these equilibria, we
adopt Ravid’s credibility notion, which requires the consumer’s attention strategy to be robust to

small mistakes in the producer’s behavior.

DEFINITION 1 (Ravid, 2020). We say that  is a credible best response to o if, for every G € Q, there

exists a sequence (G ) nen Such that, foreveryneN, g € Q,
- 6,(§) >0, and &, — o strongly,
- P is a best response to G ,.
Moreover, (o, ) is a credible equilibrium if it is a NE and (3 is a credible best response to 0.

Credibility is similar in spirit to Selten’s (1975) trembling-hand perfection, as both require
robustness to small mistakes in opponents’ behavior. Under credibility, the perturbations of the
producer’s strategy may vary across the off-equilibrium quality levels being tested.

Lemma 1 characterizes credible best responses by showing they follow the adjusted multi-
nomial logit formulation typical of rational inattention problems everywhere instead of almost
surely (Matéjka and McKay, 2015).

LEMMA 1 (Ravid, 2020). The attention strategy [ is a credible best response to i1 € A(Q) if and only

if it is a best response, and
ap
meen
p

<

B(q) = , 2)

q-
A

T-e +1-m

forevery q € Q, wheren :=E,[f].

To clarify the role of credibility, recall that a rationally inattentive consumer follows the logit

formula (2) pu-almost surely. Specifically, when choosing the probability of accepting an offer of

9A sequence (V) ,en of Borel probability measures over Y € R converges strongly to a Borel probability measure
vifv,(A) — v(A) for every Borel AC Y.

13



quality g € supp u, the consumer weighs the gains from trade, g — p, against the attention costs,
A, and adjusts by the average trade probability, m := E,[].*°

Credibility ensures that the logit formula (2) holds for every g € Q, requiring the consumer
to treat all qualities as if they occur with positive probability. Without credibility, the consumer
would fail to internalize the incentives associated with zero-probability qualities and set an
arbitrary purchasing probability for them. Notice that this is what enables non-credible threats—
the consumer threatens to never buy any off-equilibrium quality—which are thus prevented by
credibility.!!

2.2 Shannon-Nash equilibrium

In the context of our quality provision game, we identify an additional equilibrium that, although
credible, is unappealing. This equilibrium relies on mutual information becoming zero when the
producer sets quality deterministically, allowing the consumer to react differently to different

quality levels without incurring any cost.

An artificial equilibrium. Credibility does not exclude degenerate entropic costs, allowing for
the existence of a credible equilibrium with deterministic and positive quality. In this credible
equilibrium, the producer sets the quality equal to the price making the consumer indifferent
between accepting and rejecting the offer. As a result, the consumer accepts the offer with an
intermediate probability 7 € (0, 1). Since the consumer’s best response is credible, 7 induces an
attention strategy that follows the logit formula (2) for every quality level g € Q. In particular,
the consumer sets 7 such that it is optimal for the producer to play o = 1;,-p;: higher or lower
qualities would result in higher than profitable costs and lower than profitable average trade
probabilities, respectively.'?

Why is this credible equilibrium unappealing? Since no quality level different than the price
is produced in equilibrium, the consumer’s unconditional and conditional behavior coincides,
implying that mutual information equals zero. In other words, the consumer is not acquiring

any information almost surely. Still, the consumer processes information everywhere by forming

101 addition to Ravid (2020), see Csiszar (1974), Matéjka and McKay (2015), Yang (2015), and Denti et al. (2020)
for further properties of best responses in rational inattention problems.

Credible best responses need not remain credible as information costs vanish. To see this, consider u = &,
and f = 0, as in the no-learning equilibrium. For every A > 0, § is a best response to p and satisfies equation (2)
everywhere with 7 = 0; hence, by Lemma 1, it is credible. At A = 0, however, it is not credible anymore. Indeed,
consider any 4 > p and any perturbed belief assigning positive probability to §. Changing the purchase probability
at g from zero to one strictly increases expected utility without incurring any information cost. Thus, f =0is nota
best response to any such perturbed belief, showing that the credible-best-response correspondence does not have
a closed graph at zero information costs.

12See Proposition 13 and Corollary 3 in Supplemental Appendix C for a formal treatment.
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a credible attention strategy that specifies a different probability of buying for every quality
level. This attention strategy determines the equilibrium as it disciplines the producer’s quality
provision, which depends on the consumer’s purchasing decision for all qualities, including
those not part of the equilibrium. On the one hand, if the consumer were truly not processing
any information, for instance, by setting the same purchasing probability for all quality levels,
then the producer would deviate and produce quality equal to zero. On the other, if this attention
strategy were minimally costly, it would not be worth it for the consumer, as it would result in a

negative utility.

Shannon best responses. To exclude the artificial equilibrium resulting from degenerate en-

tropic costs, we impose a mild adjustment to the notion of credibility.

DEFINITION 2. Let 8 be a best response to u € A(Q). We say that 3 is robust to non-degenerate

entropic costs if there exists an € > 0 such that

B e argmax f BN - p) dp(q) - A I, B),

where I.(u, B) = max{l (w B, s} if B is non-constant and zero otherwise.

This property ensures that information is costly to process or, put differently, that the con-
sumer behaves as if paying attention to quality always entails some positive, albeit infinitely
small, cost. When f is constant, the consumer is not paying attention and incurs no cost. When
B is non-constant, regardless of whether qualities belong to the support of u, the consumer pays
attention to distinguish across different quality levels and must incur some costs. The notion of
robustness to non-degenerate entropic costs is particularly weak as it does not constrain how
costly attention should be when mutual information is zero as long as f can be justified by some
positive costs.!

As Proposition 1 below shows, the combination of credibility and robustness to non-degenerate
entropic costs rules out precisely the cases where a non-constant, credible attention strategy is

optimal due to degenerate beliefs.

DEFINITION 3. We say that f is aShannon best response to p € A(Q) if B is a credible best response

to u that is robust to non-degenerate entropic costs.

13An alternative way to formulate a similar robustness notion is to consider consumer best responses that are
optimal to entropic costs plus some arbitrarily small fixed costs, i.e., if  is non-constant, then it must remain
optimal when costs are I(u, B) + ¢, for some € > 0, where p € A(Q). The two notions yield the same predictions in
our quality provision game: the equilibrium strategy is robust to arbitrarily small fixed costs since, as we show in
Proposition 3, the consumer has positive utility in equilibrium.
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PROPOSITION 1. The following holds:

(i) Let pe A(Q) with |suppul > 1. Then, [ is a Shannon best response to u if and only if it is a

credible best response to L.

(ii) Let u € A(Q) with |suppul = 1. Then, B is a Shannon best response to u if and only if it is a
credible best response to u with E,[f] := m € {0, 1}.

As a consequence of Proposition 1, Shannon best responses select only credible best re-
sponses in which the consumer incurs positive information costs when paying attention. Specifi-
cally, when |supp u| = 1, this selection refines away credible best responses with 7 € (0, 1), which
generate the artificial equilibrium previously discussed. Thus, our robustness criterion ensures
that the consumer pays attention only when there is something to learn, |supp u| > 1.

The intuition behind the proposition is as follows. If 7 € {0,1}, then, by credibility, g is
constant everywhere, and points (i) and (ii) are straightforward. Let & ¢ {0, 1}. For point (i), if
|[supp ul > 1, then, by optimality, § is non-constant p-almost surely. This implies that the mutual
information is positive, I(u, f) > 0, and therefore that f§ is robust to non-degenerate entropic
costs. For point (ii), assume that f is a credible best response with 7 € (0,1). In this case, y = 14=p},
as for quality levels that are higher or lower than the price the consumer would always or never
buy, respectively. However, when u = 1;,- ), the consumer obtains zero utility and cannot incur
any additional information cost.

Denti et al. (2022) propose an alternative approach to address the issue of degenerate entropic
costs. To reconcile these costs with information costs defined in terms of Blackwell experiments,
Denti et al. compute mutual information using as reference a full-support probability distribu-
tion. This solution prevents degenerate beliefs, ensuring there is no free information. However, it
also modifies the consumer’s best response, which no longer follows the logit formula typical of ra-
tional inattention problems (2), but depends on the reference measure. Shannon best responses

instead preserve the logit formula by selecting credible best responses (see Lemma 1).14

Shannon meets Nash. The previous analysis motivates the following solution concept.

DEFINITION 4. The profile (o, ) is a Shannon-Nash equilibrium if it is a Nash equilibrium and

B is a Shannon best response.

Shannon-Nash equilibria are closely related to the credible equilibria with trade in Ravid
(2020) and Cusumano et al. (2024). They study, respectively, monopolistic and competitive

pricing when the consumer is rationally inattentive and simultaneously learns about the price

l4Gee Proposition 7 in Denti et al. (2022) for further details, and Supplemental Appendix A for the properties of
best responses that are not Shannon, but only robust to non-degenerate entropic costs.
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and quality of the good, which is exogenous in their settings. When quality is deterministic, each
of these games has a unique credible equilibrium with trade which follows the same logic of the
artificial equilibrium with deterministic and positive quality and, therefore, is not Shannon-Nash.
However, they consider random qualities: firms price deterministically given the quality level,
which is stochastic. As a result, whenever prices are non-constant, the consumer faces positive
information costs to learn about quality, which implies, by Proposition 1, that these equilibria
are Shannon-Nash.

3 A quality-efficiency trade-off

This section presents the main result of our analysis, which consists of the trade-off between the
provision of high quality and trade efficiency. We start by discussing the market consequences of
Shannon best responses: inefficient trade and binary quality. Then, we present our main result,
discussing the existence of an equilibrium with positive quality, the attention and holdup effect,
and the limiting cases of attention costs. Finally, we study how surplus varies as the attention
cost varies. Later in Section 4, we discuss how the average quality varies with attention costs,

production costs, and price.

Inefficiency and binary quality. The following implications rely on the notion of Shannon-
Nash equilibrium.

PROPOSITION 2. If (o, p) is a Shannon-Nash eqm with positive quality provision, then:

- Trade is inefficient: the average trade probability n .= E[f] € (0,1);

- The producer randomizes between two quality levels: suppo = {0, q*}, where q* > p.

Shannon-Nash equilibria predict trade inefficiency and random quality provision, which
are natural features of markets where quality is observable only by acquiring information. To
incentivize information acquisition, which is necessary to prevent market failure as discussed in
Section 1.2, the producer must randomize between qualities below and above the price level,
creating inefficiencies. Specifically, in this case, the producer randomizes between two quality
levels only: zero and a higher-than-price quality.!®

The intuition is as follows. Trade inefficiency is implied by credibility alone. By Lemma 1,

under efficient trade, 7 = 1, the consumer buys each quality level with certainty. But this cannot

15Random quality provision need not rely on deliberate randomization by the producer. In Supplemental
Appendix A, we purify the Shannon-Nash equilibrium through small, privately observed production cost differences,
with quality chosen deterministically conditional on those differences.
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occur in equilibrium: if the consumer buys regardless of the quality level, the producer will set
quality equal to zero to save on production costs. As illustrated by the artificial equilibrium of
Section 2.2, random quality provision is a consequence of Shannon best responses. Indeed, by
Proposition 1, 7 € (0,1) can occur only if the producer randomizes. Finally, the result on binary
quality follows since, to prevent producer deviations, the isoprofit curve, which is linear, must lie
above the consumer’s best response, which is s-shaped in equilibrium. Binary quality is common

to other models of information acquisition where best responses are s-shaped.'®

Mainresult. Theorem 1 advances this discussion by identifying the form that trade inefficiency

and random quality provision take when the consumer is rationally inattentive.

THEOREM 1. Fix (a, p). There is a threshold A > 0 such that a unique Shannon-Nash equilibrium

with positive quality provision (o, B) exists if and only if A < A. In this equilibrium:

- The high quality q* (1) > p is strictly decreasing in A; (attention effect)
- The average trade probability n* (1) € (0,1) is strictly increasing in A. (holdup effect)
Furthermore:

- AsA— A, q*(A) — p ando(0) — 0;
- AsA—0, g* (1) — pla, but the market fails: 0(0) — 1 and n* (1) — 0.

By establishing the existence of a unique Shannon-Nash equilibrium with positive quality
provision, Theorem 1 shows that flexible information acquisition mitigates the holdup problem
in information investment and sustains positive quality. Specifically, such an equilibrium exists
if and only if the attention cost is below 1. When A > A, information investment is held up, as the
producer finds it optimal to deviate and set quality to zero. When the attention cost vanishes,
A — 0, the market also fails: quality provision and trade vanish, yielding the same outcome as the
no-learning equilibrium, with a market composed of lemons only. The interaction of two forces
drives these results—the attention effect and the holdup effect, which imply, respectively, that the
high-quality level and the average trade probability decrease and increase in the attention cost.

The attention effect causes the high-quality level to decrease in the attention cost. Intuitively,
as the attention cost A decreases, the consumer learns the producer’s offer more precisely and
makes fewer mistakes. Specifically, the probability of buying a high quality product, f(g*), in-
creases, while buying a zero quality one, $(0), decreases. This reduces the profits from producing

zero quality, p- B(0), as the producer benefits less frequently from the consumer erroneously

16For instance, see Section 4 for a model where the consumer learns the producer’s quality by acquiring convex-
concave information, a framework which includes additive normal noise.
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purchasing a zero quality product. But the producer has to be indifferent in equilibrium, which
implies that the profits from producing the high quality must also decrease. Since $(g*) increases,
the high quality has to increase until the profits of the two qualities coincide, implying the result.

The holdup effect implies that the average trade probability increases in the attention cost. By
the attention effect, when A decreases, the high-quality level increases, say from g to g*, to equate
profits between low and high qualities. However, the indifference between 0 and g* does not
guarantee an equilibrium: the producer may still find it optimal to deviate to other quality levels.
To see why, suppose that a more attentive consumer traded on average at least as frequently,
that is, w does not decrease as A decreases. By equation (2), then the probability of buying would
increase for all quality levels above the price. In particular, it would increase for the previous
high quality, 4, as well. But this is not possible: if 8(§) increases, the producer would obtain
higher profits by deviating to ¢, while equilibrium profits p(0) fall as A decreases. Therefore,
a more attentive consumer participates in the market less often to prevent the producer from
deviating to off-equilibrium quality levels. Anticipating this, the producer renders the market
less appealing by reducing, when necessary, the frequency of high quality.

The interplay between the attention and the holdup effect severely affects the market when
the attention cost vanishes. In this scenario, the consumer frequency of mistakes also vanishes
due to the attention effect, f(g*) — 1 and B(0) — 0. Therefore, to sustain trade, the producer
needs to provide the maximum feasible quality, g* — p/a. However, as high quality progressively
converges to its maximum level, the holdup effect makes the consumer trade extremely rarely to
prevent the producer from deviating to lower qualities close to g*, which would be accepted with
a high probability. In the limit, the market is composed of lemons only, as the consumer never
trades forcing the high-quality frequency to converge to zero. Intuitively, as A — 0, consumer
information becomes arbitrarily precise, but the market outcome approximates no-learning.

We contrast this limiting result with the free-learning benchmark. When attention is free,
A =0, there is a unique credible equilibrium, which is also Shannon-Nash: the free perfect infor-
mation equilibrium, in which the producer sets quality equal to the price and the consumer buys
with certainty. To see this, recall that credibility requires attention strategies to remain optimal
under perturbations assigning positive probability to every quality. Since information is free,
optimality under these perturbations, together with equilibrium conditions, implies f(q) =1
for g = p and B(q) =0 for g < p. However, Theorem 1 shows that, as A — 0, the Shannon-Nash
equilibrium converges to no quality provision and no trade, as in the no-learning equilibrium.
This discrepancy reflects the discontinuity of credible best responses at zero information costs.
Along the equilibrium sequence, the consumer distinguishes equilibrium qualities with increas-
ing precision, f(g*) — 1 and (0) — 0, but high quality becomes increasingly rare, o (0) — 1. This
decline shrinks the gains from acquiring information, so cheaper information does not lead the
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Figure 1: The high quality, trade probability, and frequency of low quality in the unique Shannon-Nash equilibrium
with positive quality, plotted in terms of the attention cost. Parameters: @ = 0.1, p = 10.

consumer to accept every off-equilibrium quality above the price, even under the credibility
perturbations that assign these qualities positive probability. Indeed, for every g € (p, p/ @),
B(q) — 0, while credibility at A = 0 requires §(q) = 1.17

The market also fails when the attention cost reaches the opposite threshold, A = A.AsA— A,
we have that g* — p and 0(0) — 0, and the market approaches the artificial credible equilibrium
described in Section 2.2, where the producer extracts the entire surplus.18 In our model, higher
inattention generates more frequent mistakes, which increase profits and reduce the high-quality
level. Along this sequence, as formalized by Proposition 3 below, producer profits progressively
increase while consumer utility approaches zero. Ultimately, when the attention cost A = A,
under the limiting attention strategy, the producer is indifferent between providing quality 0 and
p, but the market fails since the consumer no longer has any incentive to pay attention. Only the
no-learning Shannon-Nash equilibrium remains, and profits drop to zero. For A = A, investing in
information no longer mitigates the holdup problem. The reason is that the consumer makes
mistakes too frequently—/(0) is too high—to sustain higher-than-price quality.

Figure 1 provides a graphical representation of Theorem 1. The graphs describe how the high
quality and the average trade probability vary in the attention cost, illustrating the attention
effect (on the left) and holdup effect (on the right).

I"While the free-learning benchmark fails to approximate Shannon-Nash equilibria with vanishing information
costs, the limit still selects one of the worst free-learning Nash equilibria, without the credibility refinement, where
both players obtain zero surplus.

18This limiting profile is also a Nash equilibrium of the free-information game without credibility, in which the
consumer buys sufficiently often to sustain quality equal to the price.
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Figure 2: The producer profits and consumer utility in the unique Shannon-Nash equilibrium with positive quality

provision, plotted in terms of the attention cost. Parameters: ¢ = 0.1, p = 10.
Our discussion so far connects naturally to how producer

Producer and consumer surplus.

profits and consumer utility vary with the attention cost.
PROPOSITION 3. Fix («, p). In the unique Shannon-Nash equilibrium with positive quality provi-

sion, the producer profits are positive, increasing in A, and approach zero as A — 0. The consumer
utility is positive and approaches zero as A — 0 and A — A.
As the unit of attention cost increases, the profits increase as the producer benefits from both

the attention and the holdup effect. The attention effect implies a lower high-quality level, while
the holdup effect a higher trade probability. When A — 0, the average trade probability 7 — 0 as

well, and the producer obtains zero profits.
The attention and holdup effects pull consumer utility in opposite directions. As consumer
attention increases, the attention effect benefits the consumer by reducing mistakes, while the

holdup effect makes the market less appealing by reducing trade frequency. Both extremes of
attention cost (1 — 0 or A — 1) lead to poor consumer outcomes: in the former case, trade

probability drops to zero, while in the latter, product quality declines to match the price. As a
result, utility converges to zero at both extremes.

Utility is positive as the consumer extracts information rents by paying attention. The argu-

ment mirrors that of Ravid (2020). In the Shannon-Nash equilibrium, the consumer’s attention

strategy [ is non-constant o-almost surely. By known results, this implies that § belongs to a
region where the mutual information is strictly convex, meaning that the consumer’s objective is
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strictly concave. Therefore, £ is strictly optimal: the consumer strictly prefers 8 over the option
of never purchasing, which yields zero utility.

Figure 2 provides a graphical illustration of Proposition 3 by plotting the producer profits
and the consumer utility as a function of unit attention cost.

Proposition 3 has relevant social welfare implications. If the consumer could manipulate
her attention level, she would prefer to be more inattentive for values of A close to zero and less
inattentive for values of A close to A. The producer, instead, would always prefer to face a less
attentive consumer. As a consequence, decreasing the attention level is a Pareto improvement
when the consumer is particularly attentive, while increasing the attention level can only benefit

the consumer.

Attention threshold. We conclude this section by discussing how the threshold A responds to

changes in the production costs and the price.
PROPOSITION 4. The threshold A := A(a, p) > 0 is decreasing in a, and increasing in p.

By Theorem 1, when the attention cost reaches the threshold, A = A, under the limiting
attention strategy, the producer is indifferent between providing zero quality or a quality equal
to the price. If production costs, &, increase, the producer will no longer remain indifferent and
strictly prefer to offer zero quality. In this scenario, at the current A, the consumer is making
mistakes too frequently to discourage the producer from deviating to lower the quality level.
Consequently, the attention threshold decreases. A similar logic applies when the price decreases:
the producer will strictly prefer to offer zero quality, as the reduced price incentivizes this

deviation. As a result, the consumer attention threshold decreases.

3.1 Price setting

In this section, we fix the production and attention costs to explore the market outcome as the
price varies. This analysis facilitates the understanding of a game where a player—such as the
producer or the consumer—or a bargaining protocol sets the price before the quality provision
game takes place. The chosen price determines a subgame, which we assume selects the unique

Shannon-Nash equilibrium with positive quality (Theorem 1).

THEOREM 2. Fix (a,A). The unique Shannon-Nash equilibrium with positive quality provision
exists ifand only if p > p, where p := p(a, 1) > 0 is a threshold increasing in both arguments. The
producer profits are positive, decreasing in p, and approach zero as p — oo. The consumer utility

is positive and approaches zero as p — p and p — oo.

The price threshold p represents the minimum price at which the market can operate. It
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follows a logic analogous to the attention threshold, A, in Theorem 1. For a given (a, 1), when
p = p, under the limiting attention strategy, the producer is indifferent between providing zero
quality or a quality equal to the price. If p < p, the production and information costs become
too high to sustain positive quality provision: the producer finds it optimal to set quality to zero,
causing the equilibrium to break down. For a similar reason, the threshold p is increasing in both
a and A. As either parameter increases, the relative gains from trade diminish compared to the
associated costs. Therefore, the lowest price at which trade occurs increases.

The incentives in the quality provision games determine the producer and consumer’s pref-
erences over prices. Following Theorem 2, if the consumer could set the price at the beginning of
the quality provision game, she would choose an intermediate price level. Instead, the producer
would select the lowest possible price compatible with the threshold p. To build intuition, low
prices offer commitment benefits for the producer: by making attention more costly relative to the
price, they induce less selective purchasing, allowing the producer to sell more frequently. As the
price p approaches p, the attention threshold A converges to A, implying that the high-quality
level g* is close to p. In this scenario, the frequency of high quality converges to 1.} This implies
that, when all prices are available, there is no producer-optimal price: the producer sets prices
arbitrarily close to the threshold p. However, at p, the Shannon-Nash equilibrium with positive
quality provision fails to exist since g* = p, excluding the consumer from the market.

How consumer utility varies as the price varies builds on the preceding discussion. When
p — P, the high-quality level g* converges to the price, leading to utility converging to 0. When
p — oo, by Proposition 4, the parameter A becomes smaller relative to the increasing threshold A.
This mirrors the scenario where A — 0, leading to the outcome 7* — 0, which again drives utility
to 0. The argument establishing that the consumer utility is positive in equilibrium follows the
same reasoning as in Proposition 3.

The analysis of producer profits is more subtle. On the one hand, an increase in price raises
the producer’s gains from trade. On the other, higher prices select equilibria with higher high-
quality levels and lower average trade probability, reducing profits. Theorem 2 demonstrates that
the combined negative effects of higher high quality and lower trade probability always outweigh
the positive effect of increased gains from trade: profits are decreasing in the price. Furthermore,
the negative effects become extreme at high prices: as p — oo, profits converge to 0, driven by
q* —ooand 1* — 0.

The result that low prices provide commitment benefits for the producer contrasts with a
finding in Wolitzky (2023). In Wolitzky, information is free for the consumer, exogenous, and
satisfies specific regularity requirements. The producer chooses price and quality simultaneously;

arefinement requires equilibria to survive when price is chosen before quality, ruling out those

9The proof of Theorem 2 in Supplemental Appendix C establishes that 7* decreases in p, while g* increases.
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Figure 3: The producer profits and consumer utility in the unique Shannon-Nash equilibrium with positive quality
provision, plotted in terms of the price. Parameters: @ = 0.1, A = 10.

sustained by adverse beliefs following off-equilibrium prices. In this setting, there is a unique
equilibrium with positive quality provision in which the producer sets p = g, and the consumer
decides whether to purchase based on the signal realization. In this equilibrium, a high price, as
opposed to a low price, has commitment benefits for the producer, as it strengthens the incentive
to make a sale and therefore to provide high quality. Two are the main differences with our
model. First, robustness to non-degenerate entropic costs implies that information processing
is never free and, as a result, deterministic equilibria with positive quality provision cannot be
Shannon-Nash. Second, by disentangling the choice of quality from the price, the producer’s
objective is not strictly concave in the quality level, allowing for randomized equilibria that
enable monitoring incentives.

Figure 3 graphically illustrates Theorem 2 by plotting the producer profits and the consumer

utility in terms of prices.

3.2 Cost-reducing investments

We investigate how variations in production costs affect the market outcome while holding
both the price and attention cost fixed. This analysis can be framed as the producer making an
observable investment before the quality provision game takes place to determine his production
costs. The resulting costs induce a subgame that selects the unique Shannon-Nash equilibrium

of Theorem 1.
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Figure 4: The producer profits and consumer utility in the unique Shannon-Nash equilibrium with positive quality
provision, plotted in terms of the production costs. Parameters: 1 = 10, p = 10.

PROPOSITION 5. Fix (A, p). The unique Shannon-Nash equilibrium with positive quality provision
exists ifand only ifa < @ < 1, where & := &(A, p) > 0 is a threshold decreasing in A, and increasing
in p. Profits are positive, increasing in a, and approach zero as « — 0. The consumer utility is

positive and approaches zeroasa — 0 and a — @.

The threshold & determines the maximum production costs at which the market operates.
Its logic aligns with the previous thresholds, A and p. When a = &, under the limiting attention
strategy, the producer is indifferent between providing zero quality or a quality equal to the price.
If @ > a, production costs are too high at the given price and attention cost to sustain positive
quality provision. For a similar reason, the threshold decreases when A increases or p decreases.
Either change breaks the indifference at a = @, making deviations to zero quality more attractive:
the former makes purchasing less selective and the latter makes purchasing zero quality a less
costly mistake for the consumer.

The incentives in the quality provision game shape the producer’s preferences over cost-
reducing investments. Again, when @ — @, A — A, and by Theorem 1, the high quality converges
to the price as its frequency approaches 1. In contrast, when @ — 0, the parameter A becomes
relatively small compared to A, mirroring the scenario where A — 0. In this case, g* — co and
7* —0.20 High production costs, and therefore modest cost-reducing investments, serve as a
commitment device by limiting the high-quality level. This avoids the combination of extreme

quality and infrequent trade that emerges when production becomes arbitrarily cheap.

20The proof of Proposition 5 in Supplemental Appendix C establishes that 7* increases in @, while g* decreases.
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Proposition 5 establishes that the producer always benefits from committing to high produc-
tion costs. That is, the positive effects of a higher production cost—a lower high-quality level
and a higher probability of trade—overcome the negative effect of making production more
expensive. In particular, to sustain trade when production costs approach zero, the producer is
forced to produce extreme high-quality levels. As a result, high-quality frequency vanishes, and
profits converge to zero as the consumer never participates in the market.

The results on consumer utility follow from this discussion. Utility converges to zero at both
extremes of production costs (¢ — 0 and a — @) since the market becomes unappealing for the
consumer: either the frequency of high quality approaches zero or the high quality converges to
the price. Consumer utility is positive by Proposition 3.

Figure 4 plots the producer profits and the consumer utility in terms of the production costs,

illustrating Proposition 5.

3.3 Outline of the main arguments

We present a summary of the main arguments establishing Proposition 2 and Theorem 1, with

the detailed proofs provided in Supplemental Appendix C.

Binary quality. We start by discussing the structure of the producer equilibrium strategy.

LEMMA 2. If(o, B) is a Shannon-Nash equilibrium with positive quality provision, then suppo =
{0,g*} where g* > p.

The intuition for this result proceeds through the following two steps.

Step 1.—By Lemma 1, the consumer’s best response f follows the adjusted multinomial logit
formula (2) for every quality level. Each attention strategy is determined by the average trade
probability, 7. Depending on 7, the shape of  over the positive reals can vary: it is either strictly
concave when 7 is sufficiently high, or s-shaped for lower values of 7—that is, strictly convex for
low qualities and strictly concave for high qualities. When f is strictly concave, no Shannon-Nash
equilibrium with positive quality provision can be sustained. In this case, the producer faces a
strictly concave demand, which leads to a unique producer-optimal quality level. However, by
Proposition 1, 7 € {0, 1} when o is deterministic, meaning f§ cannot be strictly concave. Therefore,
in equilibrium, g takes an s-shaped form.

Step 2—Given linear production costs, the producer isoprofit curve is linear in conditional
trade probabilities. For a profit level IT > 0,

i} a II
I=p-pl@g)-a-q= plg)=q-—+—
p-Blq p Tt
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To prevent the producer from deviating to other quality levels, the isoprofit curve must lie above
the demand. If the demand exceeds the isoprofit curve at any quality, then the producer obtains
higher profits by deviating to this quality as the intercept of the isoprofit line, and hence profits,
would increase. By combining the s-shaped form of the consumer’s best response with the linear
form of the isoprofit curve, it follows that these curves intersect in two points: zero and the
tangent point in the concave region of the attention strategy. Therefore, the producer’s strategy

has support over exactly 2 qualities.

Equilibrium behavior. We are finally ready to characterize Shannon-Nash equilibria with

positive quality provision.

LEMMA 3. Fix (a, A, p). The profile (o, B) is a Shannon-Nash equilibrium with positive quality
provision if and only if suppo ={0,q*}, g* > p, 0(0) := 0¢ € (0,1), B satisfies equation (2) for every
g € Q withk,[B] :=n* €(0,1), and the following conditions hold:

q -p -p
n*-e 1 T*-en
i) p- s -a-q*=p- — (indifference)
T*-e /lp+1—71;* n*-er +1—m*
(i) e T 1 N 1 - al o )
ii — =—+—- —4.— angency.
T*-e Ap+1—n* 2 2 P

a*-p -p
1- c(1—e * )—0opg-(er =1
(iii) m* = (1~ 0o) (* e T )00 (e ) (consumer optimal)

qa-p Zr
(e =1-(er -1

The profile (o, ) is a Shannon-Nash equilibrium with positive quality provision if and only if
it satisfies binary-quality (by Lemma 2), 8 is optimal (by Lemma 1), inefficient trade—if 7* = 1
the producer deviates to zero quality—together with three conditions. Conditions (i) and (ii)
discipline producer’s behavior. Condition (i) imposes indifference between producing qualities
equal to g* and 0; condition (ii) requires that g* is the point in which the isoprofit line is tangent
to the concave part of the demand. Condition (iii) ensures that 7* is a best response to the
equilibrium strategy of the seller. This condition is peculiar to the binary nature of the problem
and is due to Matéjka and McKay (2015).2!

The necessity of these conditions follows by Lemma 2. Since Shannon-Nash equilibria are
binary-quality, condition (i) holds as the producer must be indifferent between the two quality
levels. Furthermore, condition (ii) holds as well, as the producer would otherwise find it optimal
to deviate to other qualities. Finally, the consumer’s best response must be interior, which is

equivalent to condition (iii). Sufficiency is immediate.

213ee Proposition 1 in the Supplemental Appendix of Maté&jka and McKay (2015).
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We proceed by combining conditions (i) and (ii) to show they admit a unique solution. This
solution is not available in closed form, and the complete argument is technically involved; we

defer it to Supplemental Appendix C.

LEMMA 4. Fix (a, p). There exists a unique pair (n*,q*) with n* € (0,1) and q* > p satisfying
equations (i) and (ii) in Lemma 3 if and only if A < A

For any such pair (7%, g*), we establish that there exists a unique o(0) € (0,1) such that
condition (iii) holds. Consequently, by Lemma 3, a unique Shannon-Nash equilibrium with
positive quality provision exists if and only if A < A. Notice that, when A = A, the pair (7*, g*)
ceases to exist since, as we discuss below, g* is decreasingin A and g* < p.

The threshold A is obtained when the producer is indifferent between 0 and p. To allow
for trade when g™ is close to p, 0(0) must approach zero and, as a consequence, 7* converges
to B(g*). The threshold A is the unique value of A > 0 that satisfies the equation obtained by
combining conditions (i) and (i) when q* = p and n* = B(q").

One final comment is in order. The tangency condition, obtained by first-order methods,
requires B(g*) to equal a value that does not depend on g*, but only on the parameter (a, A, p).
Such value is well-defined only if, for fixed (a, p), A < A¢ := p/(4a). We show that A < A€ the
market ceases to exist as g* — p before the tangency condition fails.

Attention and holdup effect. The analysis of these effects follows from the property of the
unique pair that, by Lemma 4, solves conditions (i) and (i) when A < A. In particular, one
could associate the indifference condition, requiring the producer to set the high quality to
be indifferent in equilibrium, to the attention effect, while the tangency condition, preventing
deviation to off-equilibrium qualities, to the holdup effect.

First, we show that g* is differentiable by applying the implicit function theorem. As a
consequence, ™ is differentiable as well. The limiting result ¢ — p/a when A — 0 is established
by standard arguments. To prove that g* is monotone, we first show that for every A < A, there is a
unique g* > p satisfying equations (i) and (ii), and viceversa: for every g* € (p, p/ a), there exists
aunique A < A which satisfies equations (i) and (ii). This establishes a one-to-one relationship
between g* and A; monotonicity follows by the limiting results on g*. A similar approach shows

that 7* — 0 as A — 0 and the monotonicity of 7*.

4 Discussion

We conclude by further discussing the model’s assumptions and results.
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Average quality. We complement our analysis by discussing how the average quality varies
with attention costs, production costs, and prices. We present these comparisons separately
because our previous results, and their interpretation, do not rely on them. In particular, we
show that the average quality increases with both attention costs and production costs, even

though the high-quality level decreases. The relation with prices is instead non-monotone.

PROPOSITION 6. In the unique Shannon-Nash equilibrium with positive quality provision, the

average qualityE;[q]l = 0(q*) g™ satisfies the following properties, holding the other parameters
fixed:

- Itis strictly increasing in A € (0, M), with Eslgl — 0,as A — 0, andE;[q]l — p, as A — A
- Itis strictly increasing in a € (0, @), withEs[q] — 0, asa — 0, andE;[q]l — p, asa — @;

- It is non-monotone in the price p € (p,00). In particular,

d
lim E,[q] = p, lim —E;[gq] =1, lim E;[g] =0.
p—p p=pdp poo

As a result, the average quality is maximized at an interior price.

Higher attention costs and higher production costs reduce the high-quality level but increase
its frequency. The latter effect dominates, raising average quality. Higher prices instead raise
the high-quality level and reduce its frequency. Close to p, average quality increases with price;
as prices become arbitrarily high, high quality becomes sufficiently rare that average quality

approaches zero.

Convex-concave information. The binary nature of the unique Shannon-Nash equilibrium
with positive quality provision relies on the s-shaped form of the consumer’s best responses. We
test this claim in a different environment with general information costs in which the consumer
can acquire information with a convex-concave shape.

We say that information acquisition satisfies convex-concave information when, prior to her
purchasing decision, the consumer observes a signal s € S € R by selecting a signal distribution
conditional on each quality level g € Q, F(s|g). Assume S = [s,s], where s € [-00,0) and s €

(0, +00]. The signal distribution F satisfies the following conditions:
(i) F hasadensity f;
(ii) The density f is full-support, f(s|g) > 0 for every (s, q);

(iii) The density f satisfies the strict monotone likelihood ratio property (MLRP), that is, for every
$1> 82, 1 > G2, f(s21q2) - f(s1lq) > f(s11G2) - f(s21q1);
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(iv) For interior signals, the following holds. For every s < 0, F(s|+) is strictly convex. For every
s > 0, one of the following holds: (a) F(s|-) is strictly concave; (b) there is a gs € [0, p/ @],

F(s|") is strictly concave on [0, g,), and strictly convex on (g, p/ al.

The consumer has access to all distributions satisfying the conditions above by incurring a cost
k : F— R which satisfies x (F) > 0. After the signal realizes, the consumer decides whether to buy,
b:S — [0,1]. By condition (i), we identify consumer strategies that differ only on a measure-zero
set of signals. Furthermore, the consumer can gather no information at no costs and buy based
on her beliefs. The rest of the game is unchanged.

Normal noise satisfies all four conditions above. In this case, the consumer observes s = g +¢,
where € ~ N(0,1/7) is a zero-mean, independent, normally distributed random variable with
variance 1/7 >0, and « is proportional to 7. Furthermore, the property (iv) is satisfied whenever

¢ is drawn from a distribution unimodal at zero.%?

PROPOSITION 7. If there exists a Nash equilibrium with positive quality provision when infor-
mation acquisition satisfies convex-concave information, then it is binary-quality: the producer

randomizes between 0 and q* > p.

The intuition for the result is as follows. The assumptions of full-support and strict MLRP, by
Proposition 1 in Milgrom (1981), imply that the consumer’s best response follows a threshold
strategy: the consumer buys whenever the signal exceeds a threshold. Condition (iv) ensures that
the probability of purchasing given any threshold is either strictly concave, strictly convex, or
convex-concave. In the former case, there is no equilibrium with positive quality as the producer
has no incentives to randomize since he is facing a strictly concave objective. Following an
argument analogous to the one outlined for Lemma 2, in the latter two cases, the producer is

indifferent between, at most, two quality levels, proving the proposition.

Gaussian information. A natural question is whether market failure with vanishing information
costs can arise in other information environments, or is an artifact of entropic costs or, more
generally, prior-dependent costs. We provide a positive answer to this question. When the
consumer observes quality with additive normal noise and chooses its precision, the inverse of
the variance, paying a cost proportional to it, we construct a Nash equilibrium in which quality
provision and trade vanish as information costs approach zero, as in the no-learning equilibrium.
However, another equilibrium also exists: high-quality approaches the price, its frequency
approaches one, and trade remains positive. Consumer utility vanishes along both families. In

the former, the whole market shuts down; in the latter, the producer captures all surplus. Market

227 probability distribution H is unimodal at m € R if it is strictly convex for all x < m, and strictly concave for all
x > m. See Supplemental Appendix D for a formal argument.
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failure for vanishing information costs is not an artifact of entropic costs, although different
models of flexible information acquisition may allow for broader predictions.

Formally, the consumer chooses a precision 7t > 0, subject to the cost A -7, and observes
s =q+e¢€,where € ~ N(0,1/7) is independent of quality. After observing the signal, the consumer
decides whether to buy. Alternatively, the consumer can acquire no information at no cost and

buy following the prior. The rest of the game is unchanged.

PROPOSITION 8. Fix (a, p) € (0,1) x (0,00). There exists Ag > 0 such that, for every A € (0, Ag), there
are at least two distinct binary-quality Nash equilibria with positive quality provision. These
equilibria, {(0;, Bi)}ienn 23, have precisiont; >0, suppo; = {0, q;} with p < q; < p/a, average trade
probability nt;, and satisfy the following:

- AsA— 0,1 — o0 andq, — pla, but the market fails: 01(0) — 1 and n; — 0. Furthermore,
p1(0) — 0 and B1(q1) — 1.

- AsA— 0,72 —T€(0,00), g2 — p, and 2(0) — 0, whilen, — 7 € (a, 1). The constants T and 7

depend only on (a, p) and a, respectively.

Producer profits and consumer utility are positive in both equilibria for every A € (0,g). As A — 0,
consumer utility vanishes in both, while producer profits converge to zero in the first and to

p(@t — a) >0 in the second.

In the first equilibrium, the consumer distinguishes qualities with increasing precision,
but high quality becomes increasingly rare. As in Theorem 1, the market fails. In the second
equilibrium, instead, high quality becomes increasingly common and approaches the price,
shrinking the consumer’s gains from acquiring information. Along this equilibrium, precision
remains bounded even as its cost vanishes. Although the producer captures all surplus in the
limit, this equilibrium does not converge to the free-perfect-information equilibrium with certain
trade: quality approaches the price, but trade remains imperfect.

There is a parallel between the detection-threshold case discussed in Section 1.2, credible
equilibria under entropic costs, and equilibria with Gaussian information. Each setting admits
a no-learning equilibrium and additional equilibria with contrasting limiting behavior: one
approaches market failure, while another sustains positive trade as information costs vanish.
Under entropic costs, the latter is the artificial credible equilibrium described in Section 2.2,
which approaches the free-perfect-information equilibrium as A — 0. The limits differ across
settings. With a fixed detection threshold above the price, quality remains above the price and
consumer utility converges to a strictly positive value along the positive limiting equilibrium.
With Gaussian information, quality instead approaches the price, utility vanishes, and trade

remains below one.
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Convex production costs. We now extend our results to the case of convex production costs.
Specifically, we say that production costs are convex if ¢ : [0,00) — [0,00) is twice continuously
differentiable, strictly increasing, and convex, with ¢(0) = 0. We further assume c(p) < p, and let
G := ¢ (p) be the maximum feasible quality given the fixed price p. As in the linear case, it is
without loss to restrict to qualities in [0, g], since higher qualities yield negative profits. The rest
of the game is unchanged.

Convex costs make equilibrium quality provision more involved. Recall the argument out-
lined in step 2 after Lemma 2: with linear costs, the isoprofit curve is also linear and must
lie above the s-shaped demand. With convex costs, instead, the isoprofit curve is convex;
B(q) = (c(qg) + 1)/ p. This allows for knife-edge cases where the isoprofit curve touches the
demand at a low quality, but then coincides with it over an interval in its convex region, and
finally touches it again at a higher quality. Therefore, the same argument no longer restricts
equilibrium quality to be binary.

To avoid this issue, we focus on binary-quality Shannon-Nash equilibria with positive quality
provision, without establishing their existence or uniqueness. Furthermore, to carry out the
comparative statics, we assume that the two support qualities and the average trade probability

are continuously differentiable in the parameter being varied.

PROPOSITION 9. Fix convex production costs, ¢, and the price, p. Consider binary-quality Shannon-
Nash equilibria with positive quality provision indexed by A, and let suppo = {q;(1), g (L)}, where
q1(A) < p < gp(A). In these equilibria:

- The higher-than-price quality q,(A) > p is strictly decreasing in the attention cost;
- The average trade probability t* (1) € (0,1) is strictly increasing in the attention cost.

Furthermore, as A — 0, q; — 0 and qj, — g, but the market fails: o(q;) — 1 and ™ — 0.

The attention and holdup effects play the same role as in Theorem 1. Lower attention costs
induce higher high-quality levels, but also reduce the average trade probability needed to dis-
courage producer deviations. As attention costs vanish, high quality approaches its maximum
level, but it becomes increasingly rare, while the lower quality converges to zero. Thus, the market
fails.

Notice that binary quality does not require g; = 0. To see this, consider the case c(gq) = g°.

Positive quality provision, 7* € (0, 1), and equation (2) imply

d p
—Tl(g,p)| ==B0O)1-pH0) >0,
aq q,p - Aﬁ B
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meaning that the producer prefers a small positive quality to zero. Proposition 9 allows both

equilibrium qualities to be positive and establishes that g; — 0as A — 0.

PROPOSITION 10. Fix convex production costs, c. In binary-quality Shannon-Nash equilibria with
positive quality provision, producer profits and consumer utility are positive. Profits are strictly
increasing in A, holding p fixed, and strictly decreasing in p, holding A fixed. Furthermore, if
c(q) = a-¢(q) for some a > 0, profits are strictly increasing in a, holding (¢, p, A) fixed. For fixed p,

profits and consumer utility approach zero as A — 0.

As in the linear cost model, higher attention costs and lower prices provide commitment
benefits that increase profits. For the consumer, the attention and holdup effects continue to
work in opposite directions: greater precision reduces mistakes but lowers trade frequency. The
limiting result implies, also in this more general convex setting, that positive attention costs
benefit the whole market.

Notice that the comparison for production costs requires specifying how the cost function
changes. As in the linear case, a higher a raises costs proportionally at every positive quality. With
convex costs, a non-proportional increase can affect the costs of the two equilibrium qualities

differently, and its effect on profits is less immediate.
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Supplemental Appendix

The supplemental appendix is organized as follows. Supplemental Appendix A discusses further
results about the model’s assumptions, while Supplemental Appendix B examines the holdup
problem discussed in Section 1.2. Supplemental Appendix C provides formal proofs of our main
results from Section 2.2 and Section 3. Finally, Supplemental Appendix D presents the proofs of

the results in Section 4 and Supplemental Appendix A.

A Further discussion

We continue and conclude our discussion related to the model’s assumptions and results started

in Section 4.

Recoverable production costs. We drop the assumption of sunk production costs by assuming
that costs are recoverable : the producer incurs production costs only if trade occurs. Formally,
given a consumer’s attention strategy : Q — [0, 1], the producer sets product quality o € A(Q) to
maximize
Po,p) :fﬁ(q) (p-clq)do(q),

where c(q) = a- g for a € (0,1). The rest of the problem is unchanged.

When costs are recoverable instead of sunk, it is harder for the consumer to make the
producer indifferent across different quality levels. Intuitively, with sunk costs, the producer
faces no losses in expectation, while with recoverable costs no losses almost surely. The following

proposition conforms with this intuition.

PROPOSITION 11. When production costs are recoverable, there is no Shannon-Nash equilibrium

where trade occurs with positive probability.

Flexible information does not mitigate the holdup problem when costs are recoverable: no
Shannon-Nash equilibrium involves positive trade. The producer may provide positive quality,
or randomize across different qualities, as long as the resulting distribution is too unattractive
for the consumer to acquire information or engage in trade. Producing qualities that are never
sold is not an issue for the producer, since production costs are recovered when no trade occurs.

The argument proceeds as follows. Suppose there is an equilibrium with 7 € (0,1). Since
the consumer’s best response is credible, it satisfies the logit formula (2) for every quality level.
Because this demand is upward sloping, we calculate its inverse in terms of the quality level.
By rewriting the producer’s objective using the inverse demand, we show that this objective is

strictly concave, and therefore, the producer has a unique best reply. By Proposition 1, when



|suppol| = 1, we have 7 € {0,1}, a contradiction. Finally, the case 7 € {0,1} does not allow for
positive trade probability in equilibrium.

Notice that, when costs are recoverable, there is a credible equilibrium with deterministic and
positive quality, which follows the same logic of the artificial equilibrium described in Section 2.2.
In this equilibrium, the quality equals the price, and the consumer buys with an intermediate
probability set at a specific level to prevent the producer’s deviations.?® This attention strategy is
optimal only due to degenerate beliefs which imply zero entropic costs: if costs were minimal,
the consumer would prefer not to pay attention. This equilibrium exists since the framework with

recoverable costs is strategically equivalent to Ravid’s (2020) model in the case of deterministic
quality.

Purification. Another natural question is whether the unique Shannon-Nash mixed equilib-
rium with positive quality provision (Theorem 1) can be purified through small production cost
differences, privately observed by the producer, with deterministic qualities provided conditional
on those differences. The answer is again affirmative.

Formally, we define a perturbed game as follows. Suppose that the producer’s marginal
production costis a+€0, where € € (0, min{a, 1 —a}), and 0 is uniformly distributed on © :=[-1, 1]
and privately observed by the producer before choosing quality. The consumer knows this
distribution but does not observe ; the rest of the game is unchanged.

Let 0 : ® — A([0,00)) be a type-dependent producer’s strategy. With a slight abuse of notation,
denote by o € A([0,00)) the quality distribution induced by ¢ and the distribution of producer
types. A strategy profile (7, ) is a Bayes-Nash equilibrium (BNE) if §: [0,00) — [0,1] is a best

response to g, and ¢ (0) is a best response to f for every 0 € ©.

PROPOSITION 12. Fix (a, p), and A € (0, A). Let (c*, B*) be the Shannon-Nash equilibrium with
positive quality provision, suppo™ =1{0,q*}, of Theorem 1. There exists ¢ > 0 such that, for every
€ € (0,€), the perturbed game admits a BNE, (G, B¢), in which 6¢(0) assigns probability one to a
quality q.(0) € {0} U (p, p/ a) for every 0, and B, is a Shannon best response. In these equilibria:

- There is a threshold 0. € (-1,1) such that q.(0) > p for0 < 0., and q.(0) = 0 for 0 > 0., the
threshold type is indifferent and can choose either quality;

- Ase — 0, we have that 6, — 20*(q*) — 1 and

suplqe@)—-q*1—0, oe=0a", suplBf(q)-p"(g)|—0,
0<0, q=0

ZFollowing the same calculations as in the proof of Proposition 13, this credible equilibrium exists for A < w

withm=1- p(‘lx—fa). At the threshold, A = p(l(;a) , it becomes a Shannon-Nash equilibrium: the consumer never buys,

B = 0; the producer sets g = p since production costs are fully recovered.
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where => denotes weak convergence.** Therefore, average quality, average trade probability,

expected profits, and consumer utility converge to their values under (c*, *).

The proposition purifies the producer’s mixed strategy: uncertainty about quality arises
from private cost differences and every producer type makes a deterministic choice. Types
with lower costs choose a positive quality, higher than the price, while types with higher costs
produce zero quality. As the cost differences vanish, the market converges to the Shannon-Nash
equilibrium with positive quality provision: positive qualities converge to its high-quality level

and the fraction of types choosing them converges to its equilibrium probability.

Consumer heterogeneity. Acquiring imperfect information mitigates the holdup problem by
providing commitment power to the consumer. We now investigate whether a similar effect
occurs when the consumer has some private information. In particular, we consider consumer
private types that affect preference intensity for product quality. To isolate the effect of private
information, we assume that monitoring generates no commitment benefits. All consumer types
have access to the same perfect monitoring technology: they incur the same fixed cost to learn
about quality perfectly.

The consumer’s strategy space is defined as follows. The consumer either never buys: 8 = 0;
always buys: = 1; or monitors perfectly with some probability: upon monitoring, the consumer
always buys when the valuation exceeds the price, may buy when the valuation equals the price,
and never buys when the valuation is below the price.?’

A consumer type is drawn at the beginning of the game, the consumer observes her type,
while the producer does not. Let © < [0,00) be a finite set of types distributed according to a
common prior p € A(®). For every producer’s strategy o € A(Q), a consumer of type 0 € O selects

p to maximize
Usx(o.p)= [ P@)-©-q-p)dota)-x(p)

where the monitoring cost x () = x - T;x0, g#1; With ¥ > 0, meaning that each consumer type
incurs the same fixed monitoring cost. As we discuss below, the case with infinite consumer
types is analogous.

Again, there is no equilibrium except the one with no-learning. In every equilibrium with
positive quality provision, some consumer type has to monitor with positive probability. To
ensure monitoring, the producer randomizes across different qualities. Let 6 be the lowest
consumer type that monitors in equilibrium. Notice that 8 > 0: a consumer that has no utility

for the product never monitors. Since monitoring is costly, type 6 monitors only if the producer

247 sequence (V) e of Borel probability measures over Y < R converges weakly to a Borel probability measure
vif [ f(g)dvn(q) — [ f(q) dv(q) for every bounded continuous function f: ¥ —R.
257 formal definition of this strategy space is in Supplemental Appendix B.
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provides qualities higher than p/6 with positive probability. Given price p, the quality threshold
p/0 is exactly what makes type 0 indifferent between buying and not buying. Therefore, every
type 0 > 0 strictly prefers to buy when they observe a quality equal to p/8. But this implies that
the producer can deviate by slightly reducing the quality level of every quality strictly higher
than p/60 while still assigning to this set of qualities the same probability. Since these qualities
are produced with positive probability, the producer saves on production costs. Furthermore,
every consumer type that monitors in equilibrium, including 6, keeps buying the product upon
observing a quality higher than p/8, leaving the revenues from trade unaltered.

A similar argument applies when consumer types are infinite. The only difference is that now
there may not exist a lowest consumer type that monitors in equilibrium. Therefore, we need to
consider 0, the infimum of the types that monitor with positive probability. For every such type
0, monitoring is weakly preferred to not buying, so [ max{fq — p,0} do(q) = «. Since quality is
bounded, taking a sequence of these types converging to 0 gives [ max{fg— p,0}do(q) =« > 0.
This implies that 6 > 0 and that the producer provides qualities strictly higher than p/0 with

positive probability. Therefore, the same deviation described above is profitable.

Dropping credibility. We conclude our analysis by investigating the properties of best re-

sponses that are not Shannon, but only robust to non-degenerate entropic costs.

COROLLARY 1. The following holds:

(i) Letu e A(Q) with |suppul > 1. Then,  is a best response to u that is robust to non-degenerate
entropic costs if and only if it is either a best response to p with £, [f] € (0,1) or a constant best

response to .

(i) Let ue A(Q) with |suppul = 1. Then, B is a best response to u that is robust to non-degenerate

entropic costs if and only if it is a constant best response to L.

Similarly to Proposition 1, robustness to non-degenerate entropic costs has a limited bite
when quality is stochastic: it excludes best responses that are constant p-almost surely, i.e.,
E.[B] € {0,1}, but are not constant everywhere. When quality is deterministic, this assumption
removes all incentives to pay attention: if quality is higher or lower than the price, the consumer
always or never buys, respectively setting f = 1 or = 0; if quality is equal to the price, the
consumer sets a constant f € [0,1] to avoid incurring A - € > 0 information costs. Notice that
this behavior is consistent with optimality since the logit formula (2) restricts the consumer’s
behavior only for qualities that occur almost surely.

By Corollary 1 point (ii), robustness to non-degenerate entropic costs suffices to exclude the

equilibria with non-credible threats discussed in Section 2.1. However, other more sophisticated



forms of non-credible threats arise when the best responses are not Shannon. For instance, let
g € (p, p/ a) be such that there is 7 € (0, 1) that makes the producer indifferent between providing
0 and 4.26 When best responses are credible, we must ensure that § satisfies a tangency condition
as in Lemma 3 to prevent the producer from deviating to other quality levels. This is not necessary
when credibility is dropped as the consumer can set f(g) =0 for all g ¢ {0, g}, preventing any
deviation. Differently from the non-credible threats previously discussed, the consumer incurs
positive information costs while setting 7 € (0,1). Nevertheless, one can show that, for every
g € (p, p/a) for which such a 7 exists, there is a producer randomization over 0 and g that
incentivizes the consumer to set 7 at the equilibrium level.

We say that the profile (o, ) is an equilibrium with non-degenerate entropic costs if it is a

Nash equilibrium and f is robust to non-degenerate entropic costs.

COROLLARY 2. Fix (a, A, p). Consider a profile (o, B) such that (q) =0 for every q ¢ suppo. This
profile is an equilibrium with non-degenerate entropic costs and positive quality provision if and
only if suppo| € {2,3}, B satisfies equation (2) on suppo withm = n* € (0,1), and the following

conditions hold:

(i) Foreveryq e suppo,Il(q,p) = k for some k = 0; (indifference)
(i) m* € argmaxye(o,1) Xq0(q) - (A-In(7- e +1- 7)) (consumer optimal)

First, notice that the condition f(g) = 0 for every g ¢ supp o is immaterial for equilibrium
outcomes: setting off-path purchase probabilities to zero preserves the consumer’s utility and
cannot make producer deviations more profitable. Under this restriction, condition (i) ensures
that o is a best response, since off-path qualities yield non-positive profits. Condition (ii), to-
gether with the logit formula, ensures consumer optimality by Lemma 2 in Maté&jka and McKay
(2015). By Corollary 1, n* € (0, 1) implies robustness.

To understand why, in equilibrium, the producer randomizes across at most three quality
levels, consider again the argument outlined in Section 3.3. Without credibility, the consumer’s
best response satisfies equation (2) only for qualities that occur in equilibrium. Therefore, the
linear isoprofit curve does not need to lie above the consumer demand if this were defined
everywhere but can intersect it. When r is sufficiently high and § defined everywhere is strictly
concave, there are at most two intersection points; when 7 is lower and £ is s-shaped, there are

at most three intersection points.

26For all A < A, the existence of at least one such g € (p, p/ ) follows by Theorem 1.



B Costly monitoring

This section considers different versions of the quality provision game described in Section 2.

They match the models discussed in Section 1.2.

Perfect monitoring. The consumer has access to a restricted set of attention strategies,

BP" = Ao} u{1}u {By =Tgopy + 7 Tig=p 1Y €10, 11} |.

That is, the consumer never buys, always buys, or buys any quality strictly higher than the price
with probability one and a quality equal to the price with probability y € [0, 1]. Furthermore,
we allow the consumer to randomize across these strategies. Notice that this is equivalent to a
perfect monitoring technology that detects every quality perfectly.

For every producer’s strategy o € A(Q), the consumer selects f € 8" to maximize

Ue(o,p) = f B(q)-(q-p) do(q)—x(P),

where the monitoring cost for pure strategies is x () = « - ligz0, g1}, with k¥ > 0. For mixed
strategies, costs are evaluated in expectation: monitoring with probability b incurs expected cost
b-«x. The rest of the game is unchanged.

The strategy profile (g, 8) = (1;4=0;,0) is a Nash equilibrium. If the consumer never buys, the
unique best response of the producer is never to produce a positive quality. If the producer does
not produce a positive quality, the unique best response of the consumer is never to buy. This is
the no-learning equilibrium.

To see that no other equilibrium exists, consider the following steps.

First, if any equilibrium with o # ;4= exists, the consumer has to monitor with positive
probability. Assume € A({0,1}). For every o # Ti4-o}, the producer best responds by setting

quality equal to zero,
M(Ng=0p, B =p-B>p-p—a-Es(ql =11(0,p).

As a consequence, in any such equilibrium, the producer randomizes across different quali-
ties. Let o = 1y4-g, for some g € [0, p/a]. If g € [0, p), then the consumer best responds by setting
B =0;if g € (p, p/al, then the consumer sets f = 1; if § = p, then the consumer is indifferent
between playing 0 and 1 and never monitors.

In any such equilibrium, suppo N (p, p/a] # @. For every equilibrium with suppo < [0, p] in

which the consumer has to monitor with positive probability, it is optimal to deviate and never



buy, Uy < 0 = Ux(0,0).

Assume (o, f) is an equilibrium with o # 1;4-¢;. Then, it has to satisfy the properties described
above, namely, the consumer monitors with positive probability, the producer randomizes, and
suppo N (p,p/al # @. Let g =E;[g] > 0. Consider a strategy ¢ such that 0(A) = 6 (A) for every

Borel measurable A < [0, p], and G = E5[g] = g — € for some € > 0. We have that,

(o, B) =p-fﬁ(q)d0(q)—ac7=p-(f[o )ﬁ(q)da(q)+ﬁ(p)0(p)+f( / ]ﬁ(q)da(q) -aqg
P p,pla

=p- f B(q)dac(q) + B(p)d(p) +f ﬁ(q)da(q)) -ag
[0,p) (p,plal

=p-f ﬁ(q)d6(4)+ﬁ(p)6(m+/§f da(q))—ac?
[0,p) (p

,plal

=p- f[o )ﬁ(q)dﬁ(q)+ﬁ(p)6(p)+,3 ( ]dﬁ(q))—ac?
P

ppla

ﬁ(q)d&(q)) —-aq=11(g, p),

<p-f ﬁ(q)dﬁ(q)+ﬁ(p)6(p)+f
[0,p) (p,plal

where the first, second, and last equalities hold by definition, the third equality holds since
0(q) = 6(q) for every q < p, the fourth equality holds since every 8 € 8P is constant on (p, p/al,
which we set equal to f in this case, the fifth equality holds since o ((p, p/a]) = 6 ((p, p/ a]), and
the inequality holds since g < g.

Imperfect monitoring. Assume now that the consumer has access to a different set of attention

strategies. For a fixed g € (p, p/a], the consumer action space is

B :=Al{o}u{1}u {Bg=Tg=q} |-

That is, the consumer never buys, always buys, or buys with probability one whenever the quality
is higher than or equal to the threshold g € (p, p/ a]. We allow the consumer to randomize over
these strategies. Notice that this represents an imperfect monitoring technology that detects
whether the quality is above or below the threshold g. To simplify, we implicitly assume that
the consumer does not buy when she receives the signal that quality is below the threshold g;
removing this assumption does not alter our equilibrium analysis. The utility Uy and the rest of
the problem are unchanged.

The no-learning equilibrium remains a valid equilibrium. The argument is analogous to the
previous one and is thus omitted.

In this case, two equilibria (o1, 1) and (o2, B2), different than no-learning, existif x < g(c']— p).



These equilibria are defined as:

a a K K
=—-f;+(1-—)-0 and o)== g+ (1-= -0
Pr="+(1-7) 1= (1-)
a a p—-Kx _ p—K
=—-Bs+(1-—)-1 and o2= q+(1- -0,
Po=" Par(1-") 2= =g+ (1-—)

where a = « - g, which, by hypothesis, satisfies @ < p. Furthermore, « < %(5] — p) ensures k/ (g —
p)€(0,1)and (p—x)/p € (0,1).

In both equilibria, the consumer monitors with probability @/p. In ;, the consumer never
buys when she does not monitor, while in 32, she always buys when she does not monitor. The
producer is randomizing between g and 0: in o, the weight associated with g is x/(g — p), while
in o, is (p —x)/p. Notice that, since x < %(5] -p),

1>H>5> -

p 9 4-p

> 0.

Finally, for xk — 0, o1(g) — 0, while 02(g) — 1.

We check that (o1, £1) is an equilibrium. First, notice that the producer is not willing to
deviate to other qualities. Under 3, any g > g induces the same trade probability as g, but
entails higher production costs; any g € (0, g) induces the same trade probability as zero quality,
but higher costs than zero quality. Furthermore, the producer is indifferent between producing 0
and ¢,

. .a
p-b1(@—-a=p-$1(00=0 < p1(g) = ;
The consumer is indifferent between f; and 0, and strictly prefers both to 1. To see this,

K
q-p

019 (G=p)-x=0>01(g)-g—p <= 01(q) = <

Qi

Therefore, (01, B1) is an equilibrium.

We now show that (02, B2) is an equilibrium. The argument establishing that the producer is
not willing to deviate to other quality levels is analogous to the one above and thus omitted. The
producer is indifferent between producing 0 and g,

a
1-=

p-Bal@) —a=p-Pa(0)=p-( p) = Bo(§) = 1.

The consumer is indifferent between 5 and 1, and strictly prefers both to 0. To see this,

p—K
p

0200)-(q—p)—xk=020q)-G—p>0 < 02(9) = >

QTS



Therefore, (02, B2) is an equilibrium.

Notice that, for x < g(c'/ — p), the two equilibria described above are the only equilibria
with positive quality provision when g < p/a. When g = p/a, instead, there is an interval of
equilibria with these two equilibria as its endpoints. Within this interval, the consumer always
monitors, while the producer provides g with any probability in [q’f—p, %] and sets quality to
zero otherwise. Producer profits are zero, while consumer utility is strictly positive except at
o(q) = ﬁ, where it equals zero.

For every x > %(5] —p), (01, B1) and (o2, B2) are no longer equilibria. However, if x = %(ﬁ -p),

they remain equilibria as the above argument still applies. In particular,

p-x_p K

= === > 0.
p 9 4-p

1>

This indifference gives rise to a class of equilibria that mixes the previous two: the producer
plays o1 = 0»; the consumer plays, with probability a/p, 5, and, with probability 1 — a/p, any

randomization between 0 and 1.

Flexible imperfect monitoring. Finally, assume that the consumer has access to the following

attention strategies
% :=Al{o}u{1}u {Bs="T4=q:G€ (p,plal}|.

That is, the consumer never buys, always buys, or buys with probability one whenever the quality
is higher than or equal to some threshold g € (p, p/ a]. We allow the consumer to randomize over
these strategies. The utility Uy and the rest of the problem are unchanged.

For every g with x < %(q — p), the strategy profile (o;, B;), for i € {1,2}, defined as above with
respect to ¢ is an equilibrium. Since the strategy space of the producer is the same, o; is a best
response to ;. At the same time, the consumer does not want to deviate to any other detection
threshold: playing 4 with g < g yields the same utility as 5, while playing one with g > g yields

—x. It follows that f; is a best response to o;.

C Rational inattention

Shannon-Nash equilibrium. We start by showing the results of Section 2.2. The following

proposition discusses the artificial equilibrium with zero information costs.

PROPOSITION 13. Fix(a, p). Thereis a credible equilibrium with deterministic and positive quality
provision ifand only if A < A, where A > 0. In this equilibrium, the seller provides quality o = Tig=p)>
the consumer accepts with probability m = % + % v/ 1—4-alAlpe(0,1). In particular, the consumer

incurs no information costs, 1(o, ) = 0.



Proof. We show that o = §,, must hold in any equilibrium with deterministic and positive quality
provision. Indeed, if 0 = 65 with g < p, then 7 = 0 is the unique best response. Similarly, if
0 =64 with G > p, then 7 = 1 is the unique best response. The former case yields a deterministic
equilibrium with non-positive quality, while the latter case does not lead to any equilibrium as
the seller profitably deviates to 0 = §p when 7 = 1.

Let o = 6. In this case, the consumer is indifferent to any 7 € [0,1] and, in equilibrium,
suitably sets 7 = * € (0, 1) such that the producer finds it optimal to provide a quality level equal
to the price. To see this, notice that I(u, f) = 0 whenever |supppu| =1 for u € A(Q).

The producer solves

max f(q)-p-a-q (3)

where, by Lemma 1, § is determined by equation (2). In particular, fixing any 7 € (0, 1) in equation
(2), we have that f is twice continuously differentiable, increasing, strictly convex for all g such
that B(g) < 1/2, and strictly concave for all g such that §(q) > 1/2. These facts follow from simple

calculations: J )
d—qﬁ(q) =2P@(1-p@), 4)

which is always positive if 7 € (0,1), and

2

d 1
d—qzﬁ(q) = Fﬁ(q)(l -B(@) (1-2B(q),

which is positive and negative according to the conditions specified above.

Plugging in equation (4) in the first-order conditions of problem (3), we obtain

d a-A
—B(@)-p—a=0 = B(q)(1-p(q) =——.
dqﬁqp B(a) (1-B(q) p

This equation admits two solutions for (g), corresponding to the local minimum and the local
maximum. Since we are interested in the latter, which is obtained for values of g such that
B(q) > 1/2, the relevant solution is
1 1-4-allp
=4 . 5
B(q) 5 5 (5)

Therefore, in order for 0 = §, to be optimal, the consumer sets 7* = f(p) = 1/2+1/2-\/1-4-aA/p.
Let B* be the resulting attention strategy defined by equation (2) when 7 = 7*. In this equilib-
rium, the producer’s profits are

1+y/1-4-allp

(6, %) = 5 p-a-p (6)
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which are non-negative if and only if f(p) = a. Furthermore, this equilibrium requires that (p)
is well-defined and strictly larger than 1/2, i.e., @A/ p < 1/4. Rewriting this condition in terms of
the parameter A we obtain A € (0,1°) where A°:= p/(4a).

We need to ensure there are no possible deviations for the producer. Notice that, if such a
deviation exists, it must be in the convex region of §, i.e., the set of all g = 0 such that (q) < 1/2,
since 7™ is set to make o = §, optimal in the concave region. By convexity, if a deviation exists
in the convex region, it must be g = 0. Therefore, an equilibrium with deterministic quality

provision exists for all A > 0 such that

K(A)-et
KA)-et +1-K)

6, p)=KA)-p-a-pzp- = p- B (0) =115, ),

where K(A) :=1/2+1/2-y/1—-4-aA/p. Since I1(6y, B*) > 0, then the producer’s profits as dis-
played in equation (6) are positive. Let

KW -e? 1
(1) = K1) - e = K- ————. (@)
K()-et +1-K() 1+ 152 et

We show that there exists a A € (0, A¢) such that a(1) = a. First notice that, lim;_oa(1) =1 > a.
Furthermore,

lim a(l)=1/2- <a,
A—Ae 1

+ eta

where the inequality holds for all @ > 0. We now show A is unique. By equation (13) and Lemma
9, a(1) = a if and only if g* (1) = p. Since g* (A) is strictly decreasing by Lemma 10, there is at
most one such A.

Finally, the same argument establishes that I1(6 ,, %) = I1(6,, 8*) for every A € (0, Al, conclud-
ing the proof. |

PROOF OF PROPOSITION 1. We show points (i) and (ii) separately.

(i) “ = " This direction is trivial.

“<«=" Let B be a credible best response to some p € A(Q) with [suppu| > 1. We want to show

that § is a Shannon best response, i.e., there exists £ > 0 such that § € argmax [ (q)(q —
pau(q) = A+ Ie(u, B).

We distinguish two cases. First, let 7 := E,[] € {0, 1}. Then, § is also a Shannon best response

since f3 is constant everywhere and I, (u, 8) = I(u, ) = 0.

Now, assume 7 ¢ {0,1}. Since [suppu| > 1 and S is credible, equation (2) holds, which

implies that § is non-constant p-almost surely. As a result I(u, f) > 0. Therefore, by setting

11



€:= I(u, B), we have that, for every attention strategy ﬁ,

fﬁ(Q)(CI—P) du(q) = A-Ie(w, p) < U(B) SU(ﬁ)=fﬁ(q)(q—p) dp(q) = A-Ie(p, B),

where the first inequality holds since I, (i, ) = I(u, B), the second since f is a best response,

and the last equality since I(u, ) = I (u, B).

(i) “<=" Let |[suppul =1 for some p € A(Q). First notice that, if suppu # {p}, then any credible
best response to u is constant on [0, p/a] implying that it is also robust to non-degenerate
entropic costs. If suppu = {p}, then 8 with [Eu[ﬁ] € {0,1} is constant on [0, p/a] and hence

robust to non-degenerate entropic costs.

“— " Let |supppul = 1 for some p € A(Q). We show that any credible best response 8 with
Eul [3] € (0,1) is not robust to non-degenerate entropic costs. Since ﬁ is credible, by Lemma
1, ,3 is not constant on [0, p/«a]. Furthermore, since ,3 is a best response, by the previous
direction, it must hold that supppu = {p}. Finally, for every e >0, U(8) = 0> —A- I (u, B) =
—A- &, where the strategy f satisfies E,[] = 1. Therefore, any Shannon best response p has
to satisfy [Eu[ﬁ] € {0,1} as desired. [ |

COROLLARY 3. The credible equilibrium with deterministic and positive quality provision de-

scribed in Proposition 13 is not Shannon-Nash.

Proof. The statement follows immediately from point (ii) of Proposition 1, since, in any Shannon-

Nash equilibrium, 7 € {0, 1} whenever o =6 p- [ |

Main result. The proof of Theorem 1 proceeds as follows. First, we show Proposition 2, estab-
lishing that any Shannon-Nash equilibrium with positive quality provision is binary-quality, i.e.,
has to satisfy [supp o| = 2. We then construct one binary-quality equilibrium and show no other
binary-quality equilibria exist, implying uniqueness. Finally, we prove the properties listed in

Theorem 1.

PROOF OF PROPOSITION 2. Consider the following lemma.
LEMMA 5. In any credible equilibrium (o, ) with |suppo| > 1, n:=E;[f] € (0,1).

Proof. If m =0, then the producer’s profits are negative, which implies that setting quality equal
to zero is a profitable deviation; if 7 = 1, then the consumer always accepts, and again setting

quality equal to zero is a profitable deviation. O

12



LEMMA 6. In any Shannon-Nash equilibrium with positive quality provision, the producer ran-

domizes between qualities below and above the price:
suppon[0,p)#®p and suppon(p,plal#@.

Proof. Let (o, B) be aShannon-Nash equilibrium with positive quality provision. Assume |suppo| =
1. Then by Proposition 1 point (ii), = € {0, 1}. By credibility, § is constant everywhere, but, in this

case, it is optimal for the producer to set quality to zero. The statement follows by Lemma 5. [

Recall that, by Lemma 1, any credible best response [ satisfies equation (2). Fixing any
7 € (0,1) in equation (2), we have that (g) has range in [5(0), 1), is strictly increasing, strictly
convex for all g such that 8(q) < 1/2, and strictly concave for all g such that 8(qg) > 1/2. See the
proof of Proposition 13 for an argument establishing these facts.

Notice that positive quality provision requires 1 < 1¢ := p/(4a); otherwise, producer profits

are strictly decreasing in quality.

LEMMA 7. Let A € (0,A°) and B be an attention strategy defined by equation (2) for somen € (0,1).
If o is a best response to 8 with |suppo| > 1, then suppo = {0, g*}, where q* > 0 is determined by

1 N v1-4-allp

hla’) =3 2

Proof. Fixm € (0,1), and let B be the corresponding attention strategy defined by equation (2).

equation (5), i.e.,

Notice that, if o is a best response to § with [suppo| > 1, then f is neither strictly concave nor
strictly convex over the interval [0, p/«]. By the properties of  stated above this holds if and only
if B is convex for low values of g and concave otherwise, which implies $(0) < 1/2.

We first show that [suppo| € {2,3}. If o is a best response to £, then, for every g € suppo, we
have that

qe€argmaxpf(q)-p—a-q,

which implies that
p@)-p-a-q=Ti, (8)

for some profit level IT = 0. Notice that IT = 0 since I1(§y) > 0. By equation (8), the producer’s
isoprofit curves in terms of $(q) are linear in q for any profit level I1, i.e., (g) = (a/p) - q + 1/ p.
Thus, for every g € supp o, we have that

a I1
hig):=B(q)——-q——=0. 9)
q):=plg pq P
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Since g is convex for low values of g and concave otherwise, we have that # is convex and
concave for the same values. This argument implies that /& has at most three zeros for any IT = 0.
Therefore, if [suppo| > 1, then [suppo| € {2,3}.

We show that, if [suppo| > 1, then [suppo| = 2. By contradiction, assume |suppo| = 3. This
implies that /(g) > 0 for some g > 0. To see this, notice that, if 2 < 0 and # is first convex and
then concave, then & has at most two zeros, i.e., a local maximum in the concave region of  and
zero. But if h(§) > 0 for some g > 0, then § is a profitable deviation for the producer. Let IT be
the profit level associated with 0. We have that,

I 3
h(ﬁ):ﬁ(ﬁ)—%-é—;>0:H<ﬁ(5/)-p—a-c7:l'[(6g,). (10)

We now show that, for every I > 0, there exists a unique g* > 0 satisfying diqh(q*) =0 and
B(g*)>1/2. By equation (5), if such a g* exists, then it is determined by

V1—-4-allp

> =:K(A).

. 1

Blq”) = 5 +

For every (a, p) € (0,1) xR, if A < A°:= p/(4a), K(A) is well-defined and has range in (1/2,1). We

have that $(0) < 1/2. Furthermore, by equation (2), lim,—., f(q) = 1. Since f is continuous, by

the intermediate value theorem, we have that there exists g > 0 such that 5(gq) = K(A) for some
A < A°¢. Uniqueness follows since f is strictly increasing.

We conclude by showing that supp o = {0, g*}. Equation (10) implies that, if h(g) > 0 for some

q € Q, then § is a profitable deviation. But this implies that, if o is a best response to § with

[suppo| > 1, then h(qg) < 0 for every g € Q. Furthermore, since h has at most two zeros when

h<0,if |suppo| > 1 and suppo # {0, g*}, then either 2(0) <0 or h(g*) < 0. In both of these cases,

the function h has at most one zero, leading to a contradiction. O

COROLLARY 4. If (0,p) is a Shannon-Nash equilibrium with positive quality provision, then
suppo =10, q*} where q* > 0 is defined by equation (5).

This concludes the proof of Proposition 2. ]
PROOF OF THEOREM 1. In order for two or more qualities to maximize profits, it is necessary that

B is not strictly concave over the interval [0, p/a]. Given the shape of §, this is achieved if and

only if f(0) < 1/2. Therefore, the consumer sets 7 s.t.

<5<:>7'[< — =:7).

+1-m er +1
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For every (a, p) € (0,1) xRy, A < A¢, if 1 < ), and thus B(0) < 1/2, the proof above establishes

the existence of g* > 0 that satisfies equation (5).

LEMMA 8. Let A € (0,A°) and B be an attention strategy defined by equation (2) for somem € (0,7)
such thatI1(6, B) = I1(6 4+, B), where q* > 0 is defined by equation (5). If suppo =1{0,q"}, then o

is a best response to . Furthermore, if suppo € {0, g™}, then o is not a best response to .

Proof. The first part of the statement follows since g* € argmaxf(q)-p—a-q. If [suppo| > 1, the
second part of the statement follows by Lemma 7; if [supp o| = 1, it follows by strict concavity of
Batqg*. O

LEMMA 9. Forevery A € (0,A°), there exists a uniquen € (0,7,) s.t. the attention strategy 3 induced
by equation (2) satisfies 1169, B) = I1(6 4+, B), where q* > 0 satisfies equation (5).

Proof. For A < A¢, we show the existence of a unique 7 € (0, 1) such that, for some g* > 0,

-p q*-p
. T-e A T-e 1 .
(l) p 5 :p. pr _a.q
m-er +1-m T-e 7 +1—-7
q*-p
.. T-e A — K1
(ii) pr =K()

m-e 2 +1—-m

Notice that, for every g* > 0, there exists a unique x € (0, 1) satisfying point (ii). We proceed by
showing the existence of a unique g* > 0 satisfying both points (i) and (ii), and later check that
the corresponding 7 belongs to (0, 1). In particular, if for some g* > 0, there exists 7 € (0, 1) such
that points (i) and (ii) hold, then the induced attention strategy f cannot be strictly concave over
[0, p/a]. As a consequence, T € (0,7)).
By point (ii), we express 7 as a function of A and g*,
= K@) —. 1n

q

KA +0-KA)-e 1"

After some calculations, we have that

-7 (1-KQ)-e" T
o K(A) '

As a consequence, we can express $(0) as a function of A and g* as well,

et B K)

= —. (12)
+1-71 KA)+(1-KQA)-eT
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By combining equation (12) and point (i) above, we obtain an equation describing g* as a

function of 1,

K() .
. —+a-qg*-p-KA) =0 (13)
q*
KA)+(A-KA)-ex

Notice that g* = 0 is always a solution for every A € (0, 1¢). We now show that, for every A € (0, 19),
there exists a unique g* > 0 satisfying (13). The value of r is retrieved by equation (11).
Denote by f(g) the left hand side of equation (13). We have that
q q
per K(A)(1-K(A)) el

=a-|1- ,
AK) + (1 - K1) - e1)? (KA + (1 - K(A) - e1)?

d
d—qf(m—a—

where the second equality follows since K(1)(1 - K(1)) = aA/p. Notice, diq f(0) =0. Furthermore,
by rearranging, we have that

diqf(q) <0 = A(@)i=e T (1- K2 +ef KA1 - KA) - 1) + K(1)? <0.

It follows that

d
—Alg) =

e (1= K2+~ e K1 =K - 1),
dq A

2
A
which implies

iA(O) _ L -2k <0
dg A ’

where the inequality follows since K(A) > 1/2. Since A(0) = 0, this implies that f(g) < 0 for some

g > 0 in a neighborhood of zero. Furthermore, after some calculations,

d? ael (1 2e1(1-K(A)

flg) =- (11— .
dq? AKA) + (1 - K(A)) - e1)? K +(1-KA)-et

Since K(A) € (1/2,1), it follows that dd—;z f(g) <0 for small values of g > 0 and positive otherwise.
Indeed,

q
2ei(1-K(L))
1- ; >0
KA)+(1=K())-ex 'd9=0

q
lim 1- 2t A=KA)
=*° KA +0-KW)- e

aa\ K +a-KQ))-ef

q
d X 2e1(1-K(A) )<0
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To summarize, f(q) behaves as follows: f(0) =0, d%f(O) =0, f(gq) <0forsomeg>0ina

neighborhood of zero, f is concave for small values of g and then convex, and limg—. 1 f(q) =
+o0o. This implies that, for every 1 < 1¢, there exists a unique g* > 0 such that f(g*) = 0.

For every A < 1%, let g* > 0 satisfy equation (13). By equation (11), we retrieve € (0,1) as

follows
K1)
= q*-p
KA)+(1-K))-e 7
Since g* is unique, 7 is unique as well. Furthermore, 7 > 0, and 7 < 1 since (1 — K(A)) - eq >
0. O

LEMMA 10. Forevery A < A, let q* (L) be the solution q* > 0 satisfying equation (13) expressed as
a function of 1. We have that q* (A) is continuously differentiable, strictly decreasing, and satisfies

limy_ogq* (1) = pla.

Proof. For every A < A°, the differentiability of g* (1) follows by the implicit function theorem.
Indeed, by Lemma 9, there is a point (1, g*) on the curve defined by equation (13). That is,
f(A,g*) =0 for some A > 0, where, with a slight abuse of notation, f denotes the left hand side
of equation (13) as a function of A and q. Furthermore, by the proof of Lemma 9, diq fQA,q*) >
0. This implies that in a neighborhood of (1, g*) we can write g* = g* (1) for a continuously
differentiable g* (1).

We now investigate how g* (1) behaves when 1 — 0. We established that for every A <
A¢, there exists a unique g* > 0 solving equation (13). Fix 4 € (0, p/a). Since K(1) — 1 and
(1- K(/l))e% — +00, we have limy_ f(1,§) = g — p < 0. By the proof of Lemma 9, f(4,g) <0
for0< g < g*(A) and f(A,q) > 0 for g > g*(1). Therefore, for sufficiently small A, g*(1) > q.
Furthermore, equation (13) implies ag* (1) = p(K (1) — B(0)) < p. Since g can be arbitrarily close
to p/a, it follows that limy_ g* (1) = p/a. The same equation then implies that limy_¢ 8(0) = 0.

We show that, for every g € (0, p/a), there exists a unique 1 < A° such that f (A, g) = 0. By
Lemma 9, this establishes a one-to-one relationship between g and A. Since g* (1) is continuous,
this implies that it is strictly monotone. Together with g*(1) < p/a and g*(1) — p/a as 1 — 0,
this implies that g* (1) is decreasing.

Fix g € (0, p/ ). By equation (13), we have thatlimy_.¢ f(A,g) =a-g—p <0, and

/%er;ef(ﬂ,éi):%+a-5—1/2-p
l1+e 7
=p- ;+a-g—1/2):p-( +)f—1/2)>0
4o p 1+e%r ’
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wherey:=a- 5 > 0, and the last step is a known inequality.
By the intermediate value theorem, since, for every g € (0, p/a), f(A, ) is continuous in A,
we have that there exists A € (0, A%) such that f(A,§) =0

We now show that such a A is unique. Fix G € (0, p/a), we have that

1

1-K(1)

d _ d d
ﬂf(ﬂ,q)—p-%( ) p- LMKUL)
K(A)

1+ e)l

Notice that — %K (1) > 0. We focus on the denominator of the first term. After some calculations,
we have that

d( 1-K@) 1| d; 1 i\ et « G(1— KAL)
Ll et :—(——1)ea A —
dar K ar\\kw KN oy /1_aet 12l p

Combining these expressions and using K(A1)(1 — K(1)) = aA/p, we obtain

_ g
agen

A(KD) + (1 - K)et)?

p d
—f( q) = ———K(M f()l q)+

At any A with f(A, g) =0, g is the unique positive solution identified in Lemma 9. By the proof
therein, diq f,g) >0. Since %K (1) <0, both terms above are positive. Thus, at every solution
of f(A, g) =0, the function crosses from negative to positive, implying that A is unique.

Finally, the derivatives of f with respect to A and g, holding the other argument fixed, are
both strictly positive when evaluated at the positive solution. Therefore, by the implicit function

theorem, we have that % q* (1) <0. O
LEMMA 11. There exists A € (0,A9), such that, for all A € (0, )AL), q*(A) > p. Furthermore, A=A

Proof. The existence of A follows by Lemma 10. We show that A = 1. We have that limg ., f A, q) =

0 if and only if
KW
KA)+(1-KWA))- eﬂl

=K\ - (14)

The left hand side of equation (14) is positive, which implies that A satisfies K(1) > a, hence the
producer’s profits are positive. Notice that equation (7) is equivalent to equation (14) determining
A, hence A = A. O

LEMMA 12. The threshold A := A(a, p) > 0 is decreasing in the first argument, and increasing in
the second.
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Proof. Recall that A is determined by equation (7), that is,

K(A) - KW - =a. (15)

KA)+(1-KQ))-ex

Fix a € (0,1). Furthermore, by Lemma 11, for every p € R,, there is a unique A satisfying equation
(15). Notice that equation (15) depends on p and A only through their ratio, 1/ p. Therefore, by
uniqueness of the threshold, A(a, p) = p A(a,1). Since A(a, 1) >0, A(a, p) is strictly increasing in
p.

Fix p € R;. By Lemma 11, for every a € (0, 1), there is a unique A, which we call A, satisfying
equation (15). Now let, for fixed A,

K(a)
K@) + (1 -K@)er

f(a):=K(a) - (16)

where K (a) := 1/2+1/21/1 — 4a)A/p. Differentiating with respect to a, holding A fixed, gives

>

2 ja) =L k)| 1- ‘
da da (R() +(1-R(aper)? )

At A=A, g*(A) = p. By the proof of Lemma 9,

P
el

> 0.
(K +( —K(/_l))eg)z)

d -
d—qf(l,p)—a(l—
d

Since %IQ (a) <0, this implies that d% f(a@) < 0 at the threshold. Furthermore, f(A, p) = p(a -
f(a)), where f also depends on the fixed A. Thus, holding A fixed,

d a .
%f(i,p)—p(l—%f(a)}o

at A=A By the proof of Lemma 10, the derivative of f (A, p) with respect to A, holding « fixed, is
also strictly positive at the threshold. Applying the implicit function theorem to f(A, p) = 0, with
p fixed, therefore gives Lo
_ 4
% = —% <0. 0
ars Vo
LEMMA 13. For every A € (0,1), let m(A) be the solution it € (0,7) induced by q*(A) > 0. Then,

n(A) is continuously differentiable, strictly increasing, and satisfieslimy_.o (1) = 0.

19



Proof. Recall that 7 is retrieved by equation (11) by plugging in g* solving equation (13). By
Lemma 10, g* (1) is continuously differentiable, which implies that 7z (A) is continuously differen-

tiable as well. Furthermore, again by Lemma 10, limy_ g* (1) = p/a, implying that

limz(A) = lim k)
A=0 A=0 A+ (1=K -e

=0,

q*M)-p
A

aN-p

since (1-K(A))-e™ 7 " tooas A — 0. By Lemma 11, g*(1) — pas A — A, and

lim 72(A) = lim K = = K.

A-1 A=A K+ (1 -KA)-e 1

Notice that K(1) < 7 3 by construction.

By combining Lemma 10 and Lemma 11, for every (a, p) € (0,1) x R;, A € (0, 1), there exists
aunique g* € (p, p/ @), and a unique induced r € (0,1). We now show that, for every 7 € (0, 1),
there is at most one A € (0, 1) inducing that value. This establishes a one-to-one relationship
between 7 and A that, together with continuity and the fact thatlim,_.y (1) = 0, shows that (1)
is strictly increasing.

Fix 7 € (0,1). By rearranging equation (11), we obtain

K ) = 0. 17)

z(A) = q" () ~ P—“n(g) ‘“n(1 KW

We show that equation (17) has at most one solution A € (0,1). By Lemma 10, %q* 1) <.

%(—A.ln(?)) =—1n(?)'

Furthermore,

After some calculations,

d Kb HK +K(A)d%1<(7t) _ ZKkW
dA1-KA) 1-KW\) (1-KWA)2 (A-KW\)?'

and

d A A ~K) ZKW® A d
g )_ln(lf;()/l))Jrl'(lKﬁ()))(ld—)LK(JL))Z:ln(lf;()/l))JrgﬁK(M
:ln( K) )_ 1

1-KW)) [ _gad’
p

dA

1-K)
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where the last equality follows by definition of K(A). At any solution of z(A1) = 0, equation (17)

and the preceding calculations imply

a _4d .. aW-p pd
1AW =2 a" W) - ———— - K.

By the derivative identity established in the proof of Lemma 10 and the implicit function theorem,

a* )
a ., d agq* Ve +
W-2 2k =- R

4., <0.
dA adi AKQ) +(1-KW)e 1 ) 4 f (A, g* (W)

Since g* (1) > p, it follows that % z(A) < 0 atevery solution of z(1) = 0. Thus, at every solution, the

function crosses from positive to negative, implying that there is at most one such solution. [

COROLLARY 5. Forevery A € (0, M), let t(A) € (0, K(A)) be the unique value identified in Lemma
9. If o is a best response to the attention strategy B(A) defined by n(A) by equation (2), then
suppo <1{0,g* (1)}

LEMMA 14. For every A € (0, 1), there exists a unique o € A({0,g*(A)}) such that the induced
attention strategy f defined by n(A) through equation (2) satisfies p € argmaxU (o, ).

Proof. For every A € (0, M), 7 € (0,1), we show that there exists a o € A({0, qg*(1)}) such that  is a
best response to o. The statement follows by setting 7 = (7).

This consumer problem can be mapped to a decision problem where the action set is
{buy,not buy} and the state space is {0, g*(1)}. In particular, this decision problem is equiv-
alent to Problem 1 in Matéjka and McKay (2015) featuring a binary action set, with one safe
action, and a binary state space. Therefore, for any o € A({0, g* (1)}), the optimal r is determined
by

(A-09)-(1-e T =ag-(e 1)
q*—p ’

T = max O,min{l, "
(e —1)-(er -1

where g := 0 (0) € [0, 1]. This solution is interior if and only if

a‘-p -p
Cloy) = (1_00)&;6 T)zoo et 2D gy, (18)

e —1)-(e* —1)

It is immediate to check that C(o) is decreasing in 0. Indeed, since g* > p,

_p a*-p
e 1—e 1

d
—C(og) =——— — <0.
dog €T -1D- (et -1
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Furthermore, for every A € (0, 1), we have that

e 1 —1

where again the second inequality follows since g* > p.
By the intermediate value theorem, for every = € (0,1), there exists O'S € (0,1) such that

C (06") = n. Furthermore, since C is strictly monotone in 0, such a 0(”)‘ is unique. O

REMARK 1. Notice that a trade probability-quality pair (, g) uniquely pins down the binary-
quality Shannon-Nash equilibrium we are interested in, including the producer’s strategy o.
Indeed, by definition, 7 = (0)5(0) + (1 — 0 (0)) B(q), where B(q) is determined by the function K
through parameters (a, A, p), and ((0) is determined in equation (12) by the function K through
parameters (a, A, p) and by gq. Therefore, an alternative approach to show Lemma 14 is to invert
this equation, which allows us to rewrite o (0) in terms of 7, $(0) and (g), and check that such a

0 satisfies equation (18).

COROLLARY 6. Forevery A € (0, \), there exists a unique Shannon-Nash equilibrium (o, ) with

positive quality provision.

LEMMA 15. Forevery A € (0,A), let (L) be the producer’s strategy, identified by Lemma 14, which
is part of the unique Shannon-Nash equilibrium with positive quality provision. We have that

limy_.g0¢(A) =1 andlim,_ ; 0o(1) =0, where go(A) := (1)(0).

Proof. Forevery A € (0, M), let T(A) € (0, K (1)) be the consumer’s equilibrium strategy. By inverting

equation (18), we have that

*

(1 _ e—q (1)—;7) —1(A) - (eq*(;)—p — 1) . (e_Tp — 1) (eq*(i)_p - 1) . (1 -t(A)- (1 - e_Tp))
O'O(A) = q*N)-p -p = aM-p P '
(e 7 +en) (e 7 —e)

From this equation, it is easy to see that as A — 0, (1) — 0, g* (1) — p/a, which implies that
ool) = 1;as A — A, m(A) — K(A), qg* (1) — p, implying (A1) — 0. O
This concludes the proof of Theorem 1. [ ]

We relate the results in Section 3.3 to the ones in the proof of Proposition 2 and Theorem
1. Lemma 2 follows by Corollary 4; Lemma 3 follows by Lemma 5, Lemma 8, and the proof of

Lemma 9; the proof of Lemma 4 by Lemma 9 and 11.
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Comparative statics on the attention cost.
PROOF OF PROPOSITION 3. In the unique Shannon-Nash equilibrium with positive quality
provision (o, B), the producer’s profits as a function of A € (0, 1) are given by
—pP
T(A)-er

TA)-et +1-n(A)

M) =p-pO) =p-

Profits are positive since, by equation (12) and Lemma 10, 8(0) > 0 for every A € (0, ). Further-
more, profits converge to zero as A — 0 since, by the proof of Lemma 10, 5(0) — 0. By Lemma 13,
n(A) is increasing. Therefore, I1(A) is increasing as well.

We now show that, for every A € (0, 1), the consumer utility is positive. By known properties,
mutual information is strictly convex over the region of attention strategies that are non-constant
almost surely (see Ravid, 2020). Formally, for any g', 8" such that u({q: '(q) # " (¢)}) > 0 and g’

is non-constant p-almost surely, we have that, for every y € (0,1),

Iy B +Q-y)-" <y I p)+ A -y -1 B".

Let 8° be the attention strategy recommending the consumer to never accept the producer’s offer,
ie, Ey [°] =0, and consider co{°, 8}, the convex hull containing all the convex combinations of
B° and B. Any B in the interior of co{f°, B} is non-constant u-almost surely, implying that I is
strictly convex over co{,BO, B}. As the consumer’s gains from trade, i.e., the consumer’s objective
net of the information costs, are affine in the attention strategies, we have that the consumer
objective as a whole is strictly concave over co{°, 8}. Since § is a best response, this implies that
up) >up®=o.
Finally, limy_, U(o, f) = 0andlim,_ ; U(o, B) = 0 follow by the definition of U and lim_.g 09 (A) =

1 and lim,_ ; (1) = p, respectively. [ |

Comparative statics on the price level. We show the result of Section 3.1.

PROOF OF THEOREM 2. Fix (@,4) € (0,1) x R+, and let p° := 4ad and K(p) := 5 +3,/1- %4 By
the proof of Lemma 12, there exists p € (p®,00) such that for every p > p, A < A. Furthermore, for
p < P, A = A. Therefore, the unique Shannon-Nash equilibrium with positive quality provision
exists if and only if p > p. Now, the fact that p := p(a, A) is increasing in the second argument
follows by the fact that A is increasing in p (see Lemma 12). To show that p is increasing in the
first argument, consider again the following equation

K(p)

f(p):=K(p)-— - - =a
R(p)+1-K(p))-en
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By Lemma 12, as a increases, A decreases. Since f(p) depends on A and p only through their
ratio, A/ p, an increase in a corresponds to a decrease in the ratio A/ p. For A fixed, the decrease

in such a ratio occurs only if p increases, concluding the argument.

LEMMA 16. For every p > p, let g* (p) be the unique solution q* > p satisfying

K(P) * % _
= . ~+a- g —p-K(p)=0. (19)
K(p)+(1-K(p))-er

We have that q* (p) is continuously differentiable, and satisfieslim,,_.; g* (p) = p andlim, ... aq™ (p)—
p=-al.

Proof. Aunique and positive solution of equation (19) exists by Lemma 9 since A < A if and only
if p > p. Similarly, g*(p) > p is continuously differentiable by the argument in Lemma 10. At
p = p, the unique positive solution of equation (19) is g = p, by the definition of p. The same
implicit function theorem argument gives continuity at this point, implying that g* (p) — p as
p— p.

We now establish the limit as p — oco. Since g* (p) > p, we have

K(p) B K(p)

' TSP - =: h(p).
Rp+0-Rppe™>  K(p)+1-R(p)er

O=<p

Using K(p)(1 - K(p)) = alA/p, we obtain

(1-K(p)eP'*  arer't
= — —_ Oo
p p*K(p)

Therefore, h(p) — 0, and hence p(0) — 0. Equation (19) now gives

N al
*(p)-p=pR(p)-1)-pp0) = ——— — pp(0) — —aA,
aq*(p)-p=p(K(p)-1)-pp %) pp a

since K(p) — 1. In particular, $(0) — 0 as well. ]
LEMMA 17. For every p € (p,00), the producer profits are positive and converge to zero as p — oo.

Proof. In equilibrium, the producer profits equal
IM=p-p(0) >0,

where the inequality holds since (0) > 0 by Proposition 3 and the fact that, for every p > p, we
have that A < A. The fact that profits converge to zero as p — oo follows from the proof of Lemma
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16, since by equation (12),

K(p)
R(p)+(1-K(p)-eT

p-pO)=p-

for every p € (p,00). O

LEMMA 18. In the unique Shannon-Nash equilibrium with positive quality provision (o, ), the

producer profits are decreasing in p.
Proof. The producer profits as a function of p € (p,00), are given by
N(p)=p-K(p)-a-q*(p), (20)

where K(p) = (g* (p)), and g*(p) > p is defined by equation (19). Furthermore, by Lemma 16,

i1'1( )=K(p)+ ik( )—cri *(p) 21)

We proceed by finding an expression for the derivative of g* (p) by differentiating both sides
of equation (19) by p. We obtain,

d f((p) * 7 _
a5\P 2 . 7o Taq (p)—p-Kp)|=0
PV R+ -R(p)-e

L4 1K) | 1K) 0 0
dp K(p) Kp) dp A

K e
(p) : _p( =0
A

d _ d
a——q"(p) - K(p) - p——K(p) + : ——
dp dp R(p)+A-K(p)-e " (1+ 5255y
4 )(1 et )
a_q p - *

dp (R(p)+ - R(pye ™)

7*(p)

. 1 e 1 d .
:K(p)(l— : )+p(1— - : )—K(p)
R(p)+ (1= R(p)eT” (R(p)+ (1 - R(pne™3™)?/ 4P

aiq*( ) = iIZ’(p)+I€’(p)(1— ! )(1— ¢’ )_1
dp P pdp ( i )2

R(p)+1-R(p)e ™ R(p)+(1-R(ppe™

q* (p)

(R +A-Rpye 1 )*—(Kp) + (1—16(,9))9”7(”]))

q*(p)

(R(p)+ (1 - R(p)e )’ - >

d , . d _
ad—pq (p)—Pde(PHK(P)(

where the first passage follows by differentiating and rearranging, and the second passage by the
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4 1-R(p) _ ~dK®
dp K(p) ~ K(p? *
By plugging the above expression for adip q* (p) into equation (21), we obtain

facts that K(p)(1 - K(p)) = aA/p and

q*(p)

(K(p)+(1-K(p)e 7 )2—(I~<(p)+(l—k(p))eqT(p)) |

(K(p) +(1- f((p))e#)z — e@

d _
2;1P =KoL=

Let

qa*(p)

D(p) = (I?(p) +(1 —I?(p))e@)2 e

By the proof of Lemma 9, the derivative of the left-hand side of equation (19) with respect to g,

evaluated at g* (p), satisfies

a.

D(p)
(R(p) + (1 - R(pye ™)

Therefore, D(p) > 0. By rearranging the expression above, we obtain

~ a*(p)
d K(p)?(1-e 7
dp D(p)
where the inequality follows since g* (p) > 0 and D(p) > 0, concluding the proof. O

LEMMA 19. In the unique Shannon-Nash equilibrium with positive quality provision (o, ), the

consumer utility is positive, and converges to zero as p — p and p — oo.

Proof. For every p € (p,o00), the consumer utility is positive by Proposition 3. To see that
lim,_.; U(o, B) = 0, notice that, by Lemma 16, g*(p) - p — 0,and 0 < U(0, B) < g (p) — p. To
check that lim,_.., U(o, B) = 0, recall that, by equation (11), 7(p) is defined as

7
7(p) = L

R(p)+A-R(p)-e= 7"

where g* (p) > p solves equation (19) for p € (p,00). Furthermore, by definition,

n(p)— P(0)
B(g*(p)— B0)’

x(p)=1-a(@ (pNPBO)+a(qg*(p)P(g”(p) < o(g”*(p) =

where o(g* (p)) denotes the probability that the producer plays the quality g* (p) when the price
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is p. By equation (12), and after some calculations, we obtain

K(p) _ R(p)
Rp+A-Rpe 2l Rp+a-R(pe 1>
* - e - -e
o(q*(p) = —L——L o 4
K(p) - - s
K(p)+(1-K(p)-e A
~ qa*(p) a*(p)-p
_ (A=K r —e 1) 1
T _ a*(p) T . a*(p)-p
(K(p)+(1-K(p)e 3 -1) (K(p)+(Q-K(p)e 1 )
1
. E(p)- a*(p-p

(K(p)+0-K(p)e 1)
Notice that, there exists p > p such that E(p) < 1 for all p > p. To see this, notice that

q* (p)-p
T

> aw e
d-Xpte 7 _i*(p) ) <l = —(I—K(p))eq o <K(p)-1

(K(p)+1-K(pe + -1)

Ep) <l <

where the second implication follows since g*(p) > p, and (K(p) + (1 - I?(p))e% -1)>0forp

sufficiently large. Since 1 — K(p) > 0, the last inequality is equivalent to e S 1, which holds

since q* (p) > p, proving the step. As a result,

K(p) _
a*(p)-p =7(p)

(K(p)+ 1 -K(pne 1)

a(g*(p)K(p) <

for all p > p. The consumer utility gains from trade when quality equals g* (p), which we label

U(g* (p)), converge to zero as p — oo since

0< ,}EEOU("*(’?)) = ’;iggoa(q*(p))ﬁ(q*(p))(q*(p) -p)= ]gliggoa(q*(p))l?(p)(q*(p) -p)

K(p)(g*(p)-p)

< li —
< lim oy =0

PPOR(p+1-K(p)-e 1

where the first inequality holds by g* (p) > p, the second inequality follows by taking limits in
o(g*(p)K(p) < n(p) for p > p, and the last equality follows since, by Lemma 16, (g*(p) - p)/p —
1/a —1 > 0. Therefore, there exist constants ki, k, > 0 such that k;p < g*(p) — p < kyp for all
sufficiently large p. Since 1 — K(p) = aA/(pK(p)) = a)A/p, we have

~ * _ 2
K(p)(g™(p)—p) - kop o v

0= - - a“w-r = g 4 =0
K(p)+(1-K(p)e 1 a

This concludes the proof since U(q* (p)) > U(o, p) for every p > p. O
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This concludes the proof of Theorem 2. [ ]

Comparative statics on production costs. We prove the result of Section 3.2.

PROOF OF PROPOSITION 5. Fix (p, 1) € R and let a® := ﬁ. We first show that there exists a unique
a € (0,a®), which we term @, such that
K(a)

g(@) :=K(a)- — - ——a=0, (22)
K@) +(1-K(@)-er

where K (@) := 1/2+1/2,/1—4aA/p. The fact that @(p, A) is increasing in the first component
and decreasing in the second follows from the proof of Theorem 2 and Lemma 12, respectively.
Finally, the unique Shannon-Nash equilibrium with positive quality provision exists if and only
if a € (0,). Indeed, when a = &, we have that (&) =0, and hence 1 = A. By Lemma 12, Ais
decreasing in a which implies that a > & if and only if 1 > A.

We have that lim,_.o §(a) = 0 since lim,_. K(a)=1and

11
lim $¢(¢)=———— - —=-————--<0,
a8 = T T T T Tre 4

where the last inequality holds for all x := p/A > 0. By differentiating, we obtain

d d et L R(w)

da (R(a)+(-K(@)eh?
3 -A . e%
pRK@ -\ (R(@) +1-K@)er)?

L,

. . d o _ !
where the second equality follows since 7 K(a) = >eR @D Therefore, we have that
d A p 1
—o0)=——(1-er)-1=—-=(1-€")-1>0,
o8O == (1=ef)-1=—2(1-¢)

where the equality holds since K(0) = 1 and the inequality holds for all x > 0. By continuity, this
implies that there exists @ € (0, a®) which solves equation (22).

We now show that a is unique. Using K@) -K(a) = “—p’l, we can rewrite

Aler 1)

- . ——1].
p(K(@) +(1-K(a)e1)

ga)=a

. P P . . . . . o
Since %K (o) <0and ez > 1, the denominator in parentheses is strictly increasing in a. Thus,
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the expression in parentheses is strictly decreasing. Since a > 0, equation g(a) = 0 has at most

one solution in (0, a®). Therefore, @ is unique.

LEMMA 20. In the unique Shannon-Nash equilibrium with positive quality provision, () is

strictly increasing and limgy_.g () = 0.

Proof. Fix (A, p). By the argument made above, for every a € (0, @), there exists a unique 7 («)

that sustains the Shannon-Nash equilibrium. Let 22, be the set of all these 7 (a), and recall that

every m € P, satisfies 1 < —— = ;.

A +1
By combining equatiofls (11) and (13), we obtain that 7 as a function of a has to satisfy

K(a) l—n(a)) (e

A = 23
1-K(a) 7(a) P 3

pI%(a)—a(p+/11n( —
nt(a)er +1—m(a)

Fix 7 € &2,. We show that there exists a unique « satisfying equation (23). Notice that in

equilibrium K (@) > 7, and therefore we restrict attention on this region without loss. Consider

. K(a) l—fr)
K@) - +A1 _ =
prr=elpoan K1

7t
. P
e

Notice that the right hand side is constant in a. Furthermore, the left hand side is decreasing

since
d{ . K@ 1-#
— | pR(a)- In(——~ -~
da(p (@) a(p-“ln(l—K(a) 7t )))
d R 1-# L R(a)
=p—K(@)—-p-211 — —al—= —
pd“ @=p n(l—K(a) it ) “ K(a)(1-K(a))
d . K@ 1-# d .
_p%K(a)—p—Aln(l_—mT)—p%K(m<0,

where the last equality follows since K (@) (1 — K(@)) = aA/p and the inequality since K (a) > 7.
By the same implicit function theorem argument as in Lemma 10, g* («) is continuously dif-
ferentiable, and equation (11) therefore implies that 7 () is continuous. The previous argument
establishes a one-to-one relationship between 7 and a, that, combined with continuity and the
fact that limy_o 7 (a) = 0 shows 7 (a) is strictly increasing.
To see that lim,_.¢g7(a) = 0, proceed by contradiction. Assume there exist € > 0 and a

sequence a;, — 0 such that n(a,) = €. Since n(a,) < ) <1, the sequence In( 17_!7(’;:)”)) is bounded.
K(an)

1-K(ay)

(23) converges to p. However, n(a,) < m) implies that the right hand side is less than g, a

Furthermore, K(a,) — 1 and a,In( ) — 0. Therefore, the left hand side of equation

contradiction. Hence, lim,_¢ 7 (a) = 0. O
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LEMMA 21. The producer profits are positive, increasing in a, and converge to zero as a — 0.

Proof. The producer profits as a function of a € (0, @) can be written as

1
Ha)=p-pO)=p: ———..
P

It follows that: [1(a) > 0 since B(0) > 0; I1(a) is strictly increasing since it is strictly increasing
in 7 (a), which is strictly increasing by Lemma 20, and lim,_.¢ [1(a@) = 0 since lim,_.¢ 7 (@) = 0 by
Lemma 20. Notice that this shows that lim,_. (0) = 0. O

LEMMA 22. The consumer utility is positive, and converges to zero as « — 0 and a — @.

Proof. Foreverya € (0, @), the consumer utility is positive by Proposition 3. To see thatlim,_.4 U (0, B) =
0 notice that, as @ — @, 1 — A, which implies g* — p. We now show that lim,_.o U(g, ) = 0. Let
g* (a) be the unique solution g* > p satisfying the following equation
. , K(a)
a-q =p-K@-p-— - = (24)
K@)+(1-K(a)-er

The solution of equation (24) exists by Lemma 9 since A < A if and only if @ < @. Similarly,
q* (a) > p is continuously differentiable by Lemma 10, and lim, g ag™ () = p. This latter point
follows by equation (24) since limg,_.¢ $(0) = 0 by the proof of Lemma 21. By mimicking the steps
of the proof of Lemma 19, we have that

(1-R(@) (e — ™) R@)
A — (04 e —e a
U(q*(a’))K(a) = R N q* (@) ' N ~ q* (@)-p
R@+1-K@ye T -1) R@+1-K@ye 1)
K(a)

= E(a)-

q*(@-p

(K(@)+(1-K(@)e 1)

Since g* (a) > p, we have

@ gt@-p
. e 1 —e 1
E@) = —— <1
e * —1
As a result, )
. s K(a)
o(g (@)K(a) < - =n(a)

(a)—

R@)+1-R@)e 1)

for all « € (0, @). The consumer utility gains from trade when quality equals g* (a), which we
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label U(q* (a)), satisfy

K(a)(g* (@) - p)

a*@-p°

K@+ (1 -K(@)e 7

0<U(q* (@) =0(q"(@)K(@)(q*(a)-p) <

Since ag* (a) — p, there exist constants kj, k» > 0 such that % <g*'(a@)-p< % for sufficiently

small a. Using K (@)(1 - K(a)) = a)A/p, we obtain

K(a)(g* (a) - p) - pk e_k_l

0< —— <l e a —0.
R +(1-R@ye1" Aa
This concludes the proof since 0 < U(c, 8) < U(g* (). O
This concludes the proof of Proposition 5. [ |

D Extensions and robustness

This section presents formal arguments establishing the results discussed in Section 4 and

Supplemental Appendix A.

Average quality. We show Proposition 6 below.

PROOF OF PROPOSITION 6. Producer indifference and the definition of 7* imply
aq”=pBg)-pO), " =p0)+0(q")Bg")-pO).

Consequently,
Eslgl=0(q)q" = Z(n* - B(0)). (25)

The producer’s first-order condition gives
p * * _
TP -plg)=a.

By the argument in the proof of Proposition 9, applied to ¢(q) = aq, q; =0, and g5, = g*, we have
B(g*) + B(0) < 1. Consequently,

Bg A - B(g")) - B0)(1 - B(0)) > 0.

For the attention cost, fix (a, p). Differentiating the logit formula along the equilibrium,
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implies

d _ B i 7T* E
ﬁﬁ(m—ﬁ(m(l 'B(O))(d/lln(l—n*)Jr;LZ)’
A s =g - Ba 0L ld , g -p
Pl =pa)Ha-plq ))((Mln(l_n*)

aa? T e

Then, we differentiate producer indifference and use the first-order condition to simplify. We

obtain
iln( n* ):ﬁ(q*)(l—ﬁ(q*))(q*—p)+ﬂ(0)(1—ﬁ(0))p
dr \1-7* A2(B(g*) Q- B(g*) - BO1L-0) '
iﬂ(m: BgHA-Bg*NPOA-H0)g*
da A2(B(g*)(1—-B(g*) — O)A - L0))
Since
a . ., .y nt
ﬁ” =n (1-m )ﬁln(m),
it follows that

n*(1-n*)p(g") A -p(g*)q"
A2(B(g*) (1 - B(g*)) - B0)(1 - B(0)))
.(1_ﬁ(0)(1—ﬁ(0)) ]9(1 B0)(1 - p(0)) ))

(l-7%) g\ Bg)A-p(g*)

d
ﬁ(”* - ,3(0)) =
(26)

The term in parentheses is strictly positive. To see this, the logit formula implies

ln(lj—t;*) - (“%)ln(f?zm)%‘“(%)-

Since g* > p, this is a strict convex combination of two distinct log odds. The function u —

2+ e" + e " is strictly convex, and, for every v € (0, 1),

2+eln(%) +e‘ln(%) __1 .
v(l-v)
Therefore,
—< (l—ﬁ);+£ . :
n*(1-m*) q* ] BO)A-p0) g* plg*)1-p(g*)

Multiplying by 5(0) (1 — 4(0)) and rearranging gives the required inequality. Equations (25) and
(26) imply that average quality is strictly increasing in A.

Finally, Theorem 1 gives 0(q*) — 0 and g* — p/a as A — 0, while 6(g*) — 1 and g* — p as
A — A. Consequently, E,[g] — 0as A — 0, and E,[q] — pas A — A.

For the production cost, fix (A, p) and vary a within the positive-quality equilibrium region.
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Differentiating producer indifference gives

iﬁ( *)—iﬁ(O))— *+06i *
pda qa da =4 daq'

The logit formula implies

d N * * d us L d *
%,B(q )=p(q")A-p(q ))(daln(l—ﬂ*)-i_/ld q ),

d d usl
%ﬁ(O) = B0)(1 —,6(0))%110(1 _ﬂ*)'

Using the producer’s first-order condition, we can simplify, and

iln( n* )_ q
da \1-7*] pBg")1-PB(g*)—BO)1-L0))
Therefore,
g tg1=-E0 ey - o pon) o 2 )
da[EU[q]_ 2 +a(7t 1-n")-p0) ﬁ(O)))daln 11—
:q_*( a*(1—-m*) - B0)(1 - B(0)) —a(q*))
a \pg*)1-p(g*)) - p0)1 - B(0))
_ Eolq] plg*)—n*
a 1-p(qg*)—p0)
The last equality uses
* * * * * ﬂ*—ﬂ(O)
1-7n7)-p0)A-60)=@x@ —p0)A—-7" - 6(0)), =
7 (1-7n")-p0)A-60) =0 -p0)1A-n" - p(0)) o(q’) 5g") - BO)

The strict inequality follows since 0 < o (g*) <1, so B(0) < n* < B(g*).

We now establish the limits as production costs vary. As ¢ — @, the equilibrium limits
established in the production-cost comparative statics give g* — p and o(q*) — 1. Hence,
Es[g] — p as a — @. As @ — 0, we have ag* — p. Thus g* = % for sufficiently small a. The

first-order condition also gives

|- B(q") = al - al
pbg”) ~ p-
Consequently, the logit formula implies
O<n*= hla) . sﬁepiﬂq* Sﬁe%e%.
-r al

Blg*)+(1-p(g*)e 7
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By equation (25),
2

P_«_ P o B
O<E <= —7n <=—r-eie2l -,
olql a acl
since exponential decay dominates the factor 1/a?.
For the price, fix (a, A). Differentiating producer indifference and using the first-order condi-

tion implies

d * 1
0=pB(g") - BO)+p(Blg")A-p(g") - BO)1 - ﬁ(O)))(d—pln( nﬂ* ) - —)-

1- A
Thus,
EANTEST S —
dp \l-zn*] A p-Bg"-pB0O)
Furthermore,
i * = *(l—n*)iln( m )
dpn =7 ap 127 )
d d m* 1
d—pﬁ(o) =p0O)a- ﬁ(O))(d—pln(l e ) - Z)'
Differentiating equation (25) and substituting these expressions yields
i[E (q]= * — B(0) N pr*(l-n*) n*(1-n")-p0)1-p0)
dap 1 o ak a(l-Bg") - p0))
_ pr*(1-n*) (" -p0)(Bg")—n7)
al a(l-B(g*) - BO)

Asp—p,q* — pand o(g*) — 1, s0 Es[q] — p and n* — B(g*) — 0. As p — p, the purchase
probabilities f(g*) and $(0) converge to values strictly between zero and one. Since producer
indifference and the first-order condition continue to hold at these limiting values, the argument
in the proof of Proposition 9 also implies that their sum is strictly less than one. Therefore, the
denominator 1 — (g*) — B(0) converges to a strictly positive value. Using % Blg"YA-B(g)) =«
in the preceding expression, we obtain

d
lim E,[g] = p, lim —E,[g] =1.
pp o qi=p pep dp olq

In particular, average quality is strictly increasing for prices sufficiently close to p.
To establish the limit at high prices, recall that f(g*) — 1, p(1 - f(g*)) — aA,and ag* - p —
—aA. For sufficiently large p, these limits imply

p(l-a)
a

—2A.

al
1- * > —, *—_p=
ﬁ(q)>2p q -p=z
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Consequently, the equilibrium expression for 7* gives

0O<nm* = ha’) —— =< Z—Zeze—pfxlaa)_
Bg*)+1-Bg e + ¢
Therefore, )
2 -pl-a
0<Eslgl = B(ﬂ* - p(0) < Bn* < %eze% -0
a a a1

This limit, together with the strict increase near p, rules out monotonicity.

Finally, average quality is continuous, increases near p, and converges to zero as p — oo.
Its maximum is therefore attained on a closed, bounded interval, with both endpoints yielding
less than some interior price. By the extreme value theorem, average quality attains a global

maximum at an interior price. ]

Convex-concave information. We start by showing that condition (iv) holds when the con-
sumer observes signal s = g + € where € ~ H has a distribution unimodal at zero. For every S € S,
we have that

F(8lq)=F(s<3lq)=H(g+e<3§ =H(@E~q).

If § <0, then H is strictly convex, and F is strictly convex as well. If § > p/a, then H is strictly
concave for all g € [0, p/a]. As a result, F is strictly concave. If 0 < § < p/«, then let g; = §. For all
g < qs, H is strictly concave, while for all g > g3, H is strictly convex. The same properties hold
for F.

PROOF OF PROPOSITION 7. Let (o, F, b) be a Nash equilibrium with positive quality provision.
Since x (F) > 0, |[suppo| > 1. By Proposition 1 in Milgrom (1981), since F satisfies full-support and
strict MLRP, and o is not degenerate, then the consumer follows a cut-off strategy: for all s < s,
b(s) =0; for all s = s, b(s) = 1. As we are considering strategies that may differ on measure-zero
sets, b(s*) is immaterial by condition (i). Furthermore, s* € (s,s) to ensure that the consumer
trades with probability in (0, 1).

The probability that the consumer buys when quality is g € Q is 1 — F(s*|g). By condition
(iv), if s* <0, then 1 - F(s*|q) is strictly concave for all g € [0, p/a]. In this case, the producer’s
objective is strictly concave, meaning he has a unique and deterministic best response. If s* > 0,
then the function is either strictly convex over [0, p/ @] or convex-concave. In the strictly convex
case, g* = 0. In the convex-concave case, by full support and strict MLRP, 1 — F(s*|g) cannot
decrease in g. Since the isoprofit curve is linear, following the same argument as Lemma 7, we
have that the isoprofit curve has to lie above the curve defined by 1 - F(s*|g), which implies
that there are exactly two points of contact. Therefore, in equilibrium the producer randomizes

between 0 and g* > p. [ |
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Gaussian information. We show Proposition 8 below.

PROOF OF PROPOSITION 8. We denote by ® and ¢ the standard normal distribution function and
density, respectively. We construct equilibria indexed by the precision 7, and then show that this
construction implies the existence of two equilibria for every sufficiently small positive A. We
write g* for the positive support quality and ¢ for the signal cutoff above which the consumer
buys. Throughout the proof, plain 7 denotes the mathematical constant, while 7* denotes the
average trade probability.

If the consumer chooses precision 7 > 0 and buys if and only if the signal is above z, then
B(q) = ®((g— 1)v/7). Producer indifference between 0 and g* and the first-order condition at

g* can be written as

p(@((q* % —cD(—t\/?)) =aq", (27)
pVE((a” - 0v7)=a. (28)

We construct a solution with ¢ < g* < 2¢. For every T > (2wa?)/p?, substituting the normal

density into equation (28) gives

pVT i
\/27‘[

Taking logarithms and rearranging, we obtain

2
(q* - %t :ln(zp ’ ) > 0.

ma?

=aQ.

Since g* > t, by applying the positive square root, we obtain

p T
27ra2

q*(r)_t(r)+— (29)

Substituting into producer indifference and using the first-order condition, we obtain

oot 2 |of (2] |0

For every T > (2ma?)/ p?, this equation has a unique solution #(r) satisfying

2
[0} In pT
2wa?

pT

t(T >—
() 27m2
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To see this, notice that, at ¢ = ¢, the left hand side of (30) is strictly positive: for every u >0,
20(u) — 1 -2ud(u) >0,

since this expression is zero at u# = 0 and its derivative is 2u2¢>(u) > (0. Above this lower bound on

t, differentiating the left hand side of equation (30) wrt ¢ implies

p*t
T|Pp(tvVT) - In <0.
VT | ptvT) - ¢ ( 27[“2)
The left hand side tends to minus infinity as t — co, proving existence and uniqueness. In
particular, equation (29) implies0 < g* —t < t.
The implicit function theorem implies that #(7) and g* () are continuously differentiable.

Differentiating equation (30) with respect to 7 implies

%(r(r)ﬁ) = 9@ > 0.

___¢u@yn)
Zﬁ(l P((q* (D-tM)VT)

Also, (g* (1) — t(T))V/T = \/ln( = 2;2) is strictly increasing. Equation (27) therefore implies that
q* () is strictly increasing.
As T — (2ma?)/ p?, (q* (t) — t(1))/T approaches zero. Equation (30) implies that £(t)\/7 re-

mains bounded, since
1

P((q* (0~ t@)VT)
Any limit point v = 0 of #(7)/7T must satisfy

g VT <

®(v) —% =v¢(0),

which is possible only for v = 0, since ¢(u) < ¢(0) for u > 0. Thus, g*(r) — 0. As T — oo, both
t(1)y/T and (g* (r) — t(1))+/T approach infinity, so equation (27) gives g* (1) — p/a.

Consequently, there is a unique ¥ > (2na?)/p? such that g* (¥) = p. For every T > %, we have
p < g* (1) < p/a. Holding the consumer’s strategy fixed, producer profits satisfy

PUg-0v7D) 1)

d
2P = pVi$((-0vT)-a= “(¢>((q* - VD)

This derivative is negative for 0 < g < 2t — g*, positive for 2¢ — g* < g < g*, and negative for
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q > q*. Therefore, the only possible global maximizers are 0 and g*. Producer indifference
makes both optimal, so every randomization over these qualities is a best response. Profits equal
p®(—ty/1)>0.

Fix 7 > 7. For notational convenience, we suppress the dependence of g* and ¢ on 7. Set the

probability of providing g* as

po(ty/T)
(@*—-p)d(g* —DVT) + pp(tV/T)

a(q*) = €0,1), o0=1-0(g"). €2

Notice that this choice satisfies the Bayesian cutoff condition

a(g) (g - p)P((g* - V1) =1 -0(g))pptV7).

Since the normal likelihood ratio is strictly increasing in the signal, buying above ¢ is optimal.

Moreover,
o(gq” _ q"pvT) -1
p (q* - p)P((g* — VD) + pp(tyT)

because g* > p and ¢(1/T) < Pp((g* — 1)/T). The best choice without information is therefore

never buying, which yields zero utility.
We next determine the cost parameter A for which the constructed precision 7 is optimal for
the consumer. Hold g* and o(g™) fixed. At any alternative precision u > 0, the optimal signal

cutoffis

* 1 _ *
RN Nl (TR
2 q'u \o(@)g*—p)

The logarithm is strictly positive because o (q*)g* < p. The consumer’s expected utility before

subtracting information costs, denoted by G(u), is therefore

gvu_ 1, ((I—U(q*))p ))

Guw) =0(q")(q" -p®
(W =0(g")q" ~p) ( 2 qvVa \o@)g —p

qVvu__1 1((1‘0(61*))19 ))

-1-0(@")p®| -
(1-0(q ”’”( 2 gV @)@ —p)

Set G(0) = 0, consistently with optimality without information. Differentiation implies

* * * 1— * %2 _ * 2
A G- TV a - pi-alq ))pexp(_(q)u 1 ( ((1 olq ))p)))

du N 8 2(g%u\ \o@)q —p) )
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The derivative of the logarithm of this expression has the same sign as

2
L || 0=at@p u (g%
2(q*)? o(g*)(g* - p) 2 8

This expression is strictly decreasing in u > 0, positive near zero, and negative for large u. Hence,

%G(u) first strictly increases and then strictly decreases, and tends to zero at both endpoints.

At the constructed precision 7, the cutoff condition gives

1-o(@)p T(o % 2
In|————|==(¢r- —-1)°].
n(a(q*)(q*—p)) (8- -]

Consequently,
d? G
Aol LoW@ -peta-nyDgT  Tae Wy 141ttq" =0 -0
du u=t Zﬁ %G(u)‘uzr 2

Choose the cost coefficient

o(g)q* -pog*-vVT)q* _ o(@*)(q* —p)
2V1 27

where the equality follows from producer indifference and the first-order condition. Thus, 7

Ar) = (®(g" - VD - 0(-tvD) >0,  (33)

satisfies the first-order condition for precision and lies on the strictly decreasing part of %G. Itis
the unique positive local maximum of G(u) — A(7) u. Since G(u) < g(g*)(g* — p), net utility tends
to minus infinity as u — co. The only possible global maximizers are therefore 0 and 7.

The constructed precision gives strictly positive utility. The cutoff condition and equation

(33) imply

U=0(g)(q" - p)
7P 2 G(ty/7)

O(g" - VD +O(-tVT) _ P-tVDP(g* ~ 1) ﬁ))

(34)
VT VD [ ¢V
2 d(ty/7) dUg*-DvD) )|

=a(g")g* - p)p(g* — )V7T)- (

where the second equality uses producer indifference and the first-order condition. The normal
tail bound gives
o _¢tVT)

o0 1
O(—t¢ = dv<——= dv = .
(—tv/7) tﬁcb(v) = tﬁvqb(V) V=R
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Moreover, since0 < g* -t < ¢,

o@—nvn <2(t (@ ~17).

Therefore,

O(~1y/7) (1 Py ) _VIRt-qMq" _a'VT
P(ty/7) P((g* - DVT) 2t 2
where the last inequality follows from g* > ¢. Equation (34) implies U > 0. The consumer strictly
prefers 7 to no information, completing the verification of global optimality. Randomizing over
experiments or purchasing rules cannot improve on this global optimum. We have constructed a
binary-quality Nash equilibrium at A(7) for every 7 > 7.
Now, let T — co. We have g* (1) — p/a and, by equation (29),

@t = = [P~
9 VT 2na? ’

Thus, t(r) — p/a, and

dt()VT) _ o SE@P-(g @-t@)?) _ ¢
d(g* (1) — (1) VT)

Equation (31) gives o(g*) — 0, while
B0)=d(—tvT) =0, Blg")=D(g*-DV7T)— 1.
Consequently,
n*=0@)Bg)+1-0(g*)B0)—0, I=pd(-ty7)—0, 0<U=<o0(g*)(g* —p) —0.

Equation (33) implies A(r) — 0. This gives the first limiting equilibrium in the statement.
Next, let T — 7 from above. By definition, g*(r) — p. Equation (31) gives o(g*) — 1, and
hence

7t —i:=0((p- 1(DIVE).

Producer indifference at the limit implies

O(—tFHVI) =F—a>0,
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so 7 € (a, 1). The defining equations for the limiting cutoff and precision are

2 ~
2na?

2~
-0 ln(ﬂ)—p\/% =a,

2na?

tEWE=pVi- 1n(ﬁ).
2na?
These equations depend on p and 7 only through pv/7. Uniqueness of the constructed solution
therefore implies that p\/?, and hence 7, depend only on «, while T depends only on (a, p).
Moreover,
IM— p(—a)>0, 0<U=<o0(g")g*—p)—0.

Equation (33) gives A(1) — 0 because g* — p — 0. This is the second limiting equilibrium.

Finally, fix any 7o > 7 and set Ag := A(to) > 0. The function A(r) is continuous and strictly
positive on (7,00), and tends to zero at both endpoints. For every A € (0, /_lG), the intermediate
value theorem gives a solution of A(r) = A in each of (¥, 7¢) and (79, 0). Select 72 (1) in the former
and 71 (1) in the latter, and denote the corresponding equilibria by (o;, B;), their positive qualities
by g;, and their average trade probabilities by 7;, for i € {1,2}. The equilibria are distinct because
q”* (1) is strictly increasing.

As A — 0, any such selections satisfy 72(1) — T and 7, (1) — co. Otherwise, a subsequence
would remain in a compact subset of (7,00), on which continuity and strict positivity give
a positive lower bound for A(7), a contradiction. The limits proved above therefore apply to
the selected equilibria for every sufficiently small positive cost coefficient. This proves the

proposition. u

Convex production costs. We prove Propositions 9 and 10.

PROOF OF PROPOSITION 9. We first establish some properties of any binary-quality Shannon-
Nash equilibrium with positive quality provision. By Proposition 1 and credibility, 7* € (0, 1).
Moreover, the two equilibrium qualities satisfy q; < p < gj,: otherwise, the consumer would
optimally never buy or always buy without acquiring information, and the producer would

deviate to zero quality. By equation (2), 0 < B(gq;) < B(qp) <1 and

- B(an)
an=q _, | _Blaw |_ [ _Blq) :f LN S a5
A 1-B(qn) 1-BGa) ) Jpagn tA-0

The producer obtains positive profits, since providing quality zero yields p(0) > 0. Therefore,
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gn < g, and producer indifference and tangency at g, imply
p(B(an) — Blgn) = c(qn) — c(qn), (36)

P _ _ 4
7A@ (1= Blau) = Joclan): (37)

If g; > 0, the corresponding first-order condition is %ﬁ(ql) (1-pB(gn) = d%c(ql).
We show that (qy,) + B(q;) < 1, which implies

B(an) (1= B(gr) — BlgN (1 - B(gn) = (B(gr) — B(gD)A — B(qn) — B(g1) > 0.

By convexity of ¢, we have c(qy) — c(q;) < %c(qh) (gn — q1), that together with equations (36) and
(37) imply
qdn— 41

B(gr) — B(qp) < Blgn)(1 - B(qn) T

If B(gn)+B(q;) =1, then B(q;) = 1-P(qy), and t(1—-1) > B(qn) (1-PB(qgy)) for every t € (B(q;), B(gn)).
Equation (35) would then imply

dt < p(gn) - p(qn),

Blaw (1 - Blam =11 = fﬁ("’“ Blan) (1 - B(qn))
B

A () (-1

a contradiction. Hence, B(qy) + B(q;) < 1.
Differentiating equation (36), and using producer optimality, gives

0. (38)

iln T* _ Blgn) (1 - Blgn)(qgn—p)+ B(g) A - B(q))(p-q1) S
dr \1-n* A2(B(gn) A - Blgn) — Blq) A - B(g))

Indeed, the terms involving the derivatives of g5, and gq; cancel by the first-order conditions. If
q; =0, then % q; = 0, since g is differentiable and non-negative, so the same calculation applies.
Equation (38) implies that 7* is strictly increasing in A.

To show the attention effect, differentiate equation (37) and use equation (38). We obtain

pB(an) (1 - B(qn) d? d
( 12 (l—zﬂ(%))—d—qzc(%))ﬁ%

(39)

_ PPlan-pgn) [, A-2B(gn)Blgn0 - Blgn)(gn - q1)
A2 ABgr) (1= Blgn) — Blgn (- Bgn) )

The right-hand side is positive. This is immediate if f(qgy) = % If B(gqn) < %, then (1 -1¢) >

42



B(g)) (- B(qp) for t € (B(q;), B(gr)), and equation (35) implies

Blgn - B(g)(gn— g
A

< Blgn) — Bqp.

Since

(1-2B(qn))(B(gn) — B(q) < (B(qn) — B(q))A - B(qn) — B(q1))
= B(gn) (1 - B(gr) — P(q) A - B(q1),

the right-hand side of equation (39) is again positive. The coefficient of d%qh in equation (39)
is the second derivative of the producer’s objective at gy, which is non-positive by optimality.
Equation (39) implies that this coefficient cannot be zero. Therefore, % qn <0.

Consider any sequence of binary-quality equilibria with A — 0. Since g, € (p, g) and c is
twice continuously differentiable, equation (37) implies f(qy) (1 — B(gn)) — 0. Using the same

equation, the second-order condition at g, can be written as

1d d?
——c(gqn)(1-26(qn) — —qC(CIh) <0.

Adgq
Since d%c(qh) > c(p) >0 and i - ¢ is bounded on [0, g], this inequality rules out B(qy) — 0.
Together with ﬁ(qh)(l Blgn)) — 0 it implies B(qy) — 1. Since B(qy) + B(q;) < 1, we also have
pgn) — 0.
We show that g; — 0. Otherwise, there would exist an € > 0 and a subsequence along which
g; = €. Along this subsequence, g; is interior and its first and second-order conditions imply

1d d?
——c(qn(1-2B(qp) - —C(Clz) <

Adq
But d%]c(ql) > diqc(s) > 0 and f(gq;) — 0, contradicting this inequality for sufficiently small
A. Thus, q; — 0. Together with the limits previously established, equation (36) then implies
c(gn) — p, and therefore g;, — g.

By equation (2),
- Blan)

Blgn + (- Blgn)e T

Since g > p, there exists a § > 0 such that g, — p = 6 for sufficiently small A. Furthermore,

equation (37) implies
1-— ’3( )_&;i (gy) = &ic( ).
qn » Bl dq Cc\qn p
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Consequently,

d -1
—c(p)) el —0.

« _ P
0 < —
<7 (dq

A
Finally, n* = a(q;) B(q;) + 1 —0o(q;)) B(qy) implies

" —B(q1)

1- =
70 =5 Ban

)

concluding the proof. [ |

PROOF OF PROPOSITION 10. Producer profits satisfy

1= pP(q) —c(q) = pB(qn) — c(qn) >0,

where positivity follows since pf(0) > 0. For the attention cost, equation (38) gives

d _ d |\ a-p
T 1=pplaNd ﬁ(qz))(cmln(l_ﬂ*) 22 )

_ PPl A - plgn)BlgnQ - pla))(gn=an _
A2(B(gr) (1 - B(gn)) — B(q)) (1 - B(q1)) '

For the price, fix (¢, 1) and differentiate equation (36). The terms involving changes in the support

qualities again vanish by optimality, yielding

d * 1
B(qn) — B(q1) + p(B(qn) (1 = B(gr) — Blg) (1 - B(g)))- (d—pln(l 7_1”*) - 1) =0.

Hence,

d |1 B(an) — B(q1)
A pBlgn)1-Bgn) - BN - Bgn)’

and

d d ¥ 1 Blgn(1 - p(qn)

—II= 1- —1 ——|= -

ap Blgn) + pPBqn( ﬁ(qz))(dp n(l_n*) A) Blq1) 1= Blaw - plaD
B(anB(qn)

- <
1-B(qn) - B(q1)

For the production costs, fix (¢, p, A). Differentiating producer indifference gives

d *
p(Blan) (1= pqn) - Blgn(1 - ,5(6/1)))—1n( z - ) = ¢(qn) — ¢(q)).
da -7
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Consequently,

—c(qn)

Tt &) = Blgn (1 - pB(g))(C(qn) —c(qp)
da

1-7* P Blam (= Blam) - Blgn (- Blqr)
1 {pBg(-Bq)) 1 pB(a)B(qr)

= — — = — H
a|1-Blgn - Bl “C“’”) ( 1= Blan - Ban

d d
— I =pp(g)( - ﬁ(clz))%ln(

)

where the third equality uses a(¢(qgy) — ¢(q;)) = p(B(qn) — B(q))).-
Consumer utility is positive by the same argument as in Proposition 3. For fixed p, Proposition

9 gives f(q;) — 0, q; — 0, and o(qy) — 0 as A — 0. Therefore,

0<II=pp(q)—clq) <pP(q)—0,

and, since g, < q,
0<U(o,B)<o(qn)(g—p) —0.

This concludes the proof. [ |

Recoverable production costs. We start by showing Proposition 11.

PROOF OF PROPOSITION 11. Since the consumer’s best response is credible, by Lemma 1, it
satisfies equation (2). Fixing r € (0, 1)—notice that for 7 € {0, 1} there cannot be a Shannon-Nash

equilibrium with positive trade—and rearranging equation (2), we obtain

-7 B ), (40)

—p+A-Inl—= L
9 =p+A-in(— =1
where § € (0, 1) is the probability of accepting the offer (p, q). We rewrite the producer problem
as follows:
1 —

max ﬁ-(p—a-(p+/1-ln( 7 1-P

BelB(0),p] ))):ﬁ'P'(l—a)—a-/l-ﬁ-ln(l_T”i)

1-p

where 8 = B(p/a). This objective is strictly concave since f(x) = x-In(3%3), for x € (0, 1), is strictly
convex. As a result, there is a unique £ solving the problem and a unique g by equation (40). By

Proposition 1, when [suppo| = 1, Shannon best responses satisfy 7 € {0, 1}. [ |

The argument establishing the existence of the artificial equilibrium in this setting is analo-
gous to the proof of Proposition 2 in Ravid (2020) and thus omitted.

Purification. We prove Proposition 12 below.
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PROOF OF PROPOSITION 12. Fix (a, p,A) as in the statement, and let 7™ := E;+[$*]. By the
argument in the proof of Proposition 9, applied to linear production costs, we have $*(0) +
B*(g*) < 1. Consequently, (8*(g*)— B*(0))(1 - B*(g*)— p*(0)) > 0.

We first characterize producer optimality against the logit attention strategy of equation (2)

for 7 close to n*. For a type 6 € [-1, 1], profits have derivative

q-

.
<

n(l—m)e

d
= (pB@)~(a+c0)q) =2

aq 5 —(a+¢€0).

&)

i
=
——

l-n+me

Let g(0,m,€) denote the quality at which this derivative changes from positive to negative:

1— 4(a+ed)A
p 1-7

1- /1 _ 4(0(4}—969)/1 /4

p(4(0,m€)) = %+ %@_

Since 4a A < p, this quality is continuously differentiable in (r,€) near (7*,0), and §(0,7*,0) = g*

1+
4o, m,e)=p+Aln

(41)

At this quality,

for every 6. For (7€) sufficiently close to (7*,0), the following hold for every 8 € [-1,1]:

-k 1 4(a+e)A R
> I—T, p<q4@O,me) <pla.

1
_F_; 2

The first inequality follows from $*(0) < 1—*(g*), and the second from p < g* < p/a. As quality
increases from zero, the profit derivative above is first negative, then positive, and then negative,

changing sign when the purchase probability equals

1 1 /. 4(a+ed)A 1 1/ 4a+edA
———4/l-——— and —-+—y/1-—,
2 2 p 2 2 p

respectively. Since profits tend to minus infinity as ¢ — oo, the only possible global maximizers
are 0 and g (0, 7,¢).
For fixed 7 and € > 0, the profit difference between these qualities, 0 and g (6, 7, €), is strictly

decreasing in type. Indeed, the first-order condition at §(8, 7, ¢) implies
p
d 1 1 4(a+ed)A e 1 N N
— —+—1/1- - —(ax+€0)q@,m,e)| =—€qO,m,€) <O0.
dae P(2 2\ p 1n+ne%) K K
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Thus, if one type is indifferent, all lower types strictly prefer the positive quality and all higher
types strictly prefer zero.
We construct an equilibrium by solving for the average trade probability 7 and the threshold

type 0. Consider the two equations

1 1 4(a+eb)A me A A
O=pls+51/1- = - | = (a+€0)4(0,m,¢), (42)
2 2 p l-m+7me T
_p ) _pr
e 1 1 1 1 4(a+eh)A e 1
ozn——p——f Sy 1- -
l-n+me 1 2J-112 2 p 1-7+7me”

The first makes the threshold type indifferent. The second equates 7 to the average purchase

>

) do. (43)

probability induced by the proposed quality choices. Both right-hand sides are continuously
differentiable in an open neighborhood of (z,0,¢) = (7*,20*(g*) - 1,0), and both are zero at this
point.

At (n*,20*(q*) —1,0), the derivatives of the right-hand side of equation (42) with respect to
7 and 6 are, respectively,

p(B*(g") A= p*(g*) - p*0)(1-p*(0)) S

n*(1—-m*)

0, 0.

The first expression follows by differentiating profits while holding quality fixed, using the
producer’s first-order condition at the positive quality. The derivative of the right-hand side of

equation (43) with respect to 0 is
B*(q*) - pB*(0)
R

0.

Consequently, the determinant of the Jacobian of the two right-hand sides with respect to (,6)
is
P (B* (g1 —=B*(g*) - B*(0)A-p*(0)) (B*(g") - p*(0)) <0
2n* (1 —7*) '

The implicit function theorem therefore gives continuously differentiable solutions 7. and 6,

for all sufficiently small €, with 7, — 7%, and 6. — 20*(g*) — 1. Choose € € (0,min{a, 1 — a})
sufficiently small that, for every € € (0,€), these solutions satisfy 7. € (0,1) and 6, € (-1, 1), and
the preceding best response characterization holds for every type.

Define

qa-p

TTce A
Be(q) = 0=
l-m.+7mce x 0, 0=6,.

5/(9,7'56,6), 6 <6€r

Let 0.(0) assign probability one to g.(f), and let o, denote the induced quality distribution.
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Equation (42) and the strict decrease of the profit difference in type imply that these choices
are global best responses for every type. The threshold type is indifferent and could instead
choose the positive quality; this has no effect on the induced distribution because the type has
probability zero.

We verify the optimality of the average trade probability .. For r € [0, 1], the function

r—»)tfln(l—r+req;7tp) doc(q),

is concave. Its derivative at r = 7. is

q-pr

/lf e -1 da()_LUﬁ()da()_n L
L mame T pmag [ PO A0SR =

where the last equality follows from equation (43). Thus 7, maximizes this function.
To verify optimality over attention strategies, let y be any alternative attention strategy with
average trade probability r € (0,1). Consumer utility satisfies

J

Y(q)

r

doc(q)

1 —
e —Y(q))ln( Y("))

y(q)(q—p)—/l(y(q)ln( T,

q

S/lfln(l—r+re%p) doc(q) S/lfln(l—ngﬂtgeq;%p) doc(q).

The first inequality bounds the utility of any alternative strategy y by maximizing the expression
in brackets separately at each quality. The maximizing trade probabilities follow the logit formula
with parameter r. The second inequality follows because 7. maximizes the resulting bound over
r € [0,1]. Never buying and always buying correspond to the endpoints r =0 and r = 1, and
satisfy the same bound. Finally, . follows the logit formula with parameter . and has average
trade probability 7., so it attains this bound. No alternative strategy therefore gives higher utility,
and [ is a best response.

Furthermore, S, satisfies equation (2) at every quality and is therefore credible by Lemma
1. The induced quality distribution gives positive probability to zero and to qualities above p,
and 7. € (0,1). By Proposition 1, B is a Shannon best response. Thus (0, B¢) is a BNE with the
required properties.

As € — 0, uniform continuity of the positive candidate quality near the original equilibrium,
together with 7, — n* and Supge(-1.1; €01 — 0, gives
1- 4(a+ef)A

1+
1-
sup |p+Aln P Te -q*|—0.

Oel-1,1] 1— /1 _4a+eA T,
p
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In particular, supy <0, |ge(0) — q*| — 0. For every 0 # 20 (q*) — 1, the actual quality converges to
q*if0 <20*(g*)—1, and to zero if @ > 20" (q*) — 1. The fraction of types choosing positive quality
satisfies (1+6.)/2 — 0*(g™). For every bounded continuous function f, dominated convergence

therefore gives

1 1
ff(q) doe(q) = zflf(qe(e))dH -0 (g f(g)+1-0"(g)f0).

Thus 0. = ¢ *. Moreover,

1
sup|Be(q) — B (q)l < -
q=0 4

ln( e )—1n( il )
1-m, l1-n*

since the derivative of the logistic function is at most i.

All chosen qualities lie in [0, p/a] for sufficiently small €. Together with uniform convergence
of B¢ and continuity of ¥, the preceding convergence of quality choices allows us to apply
dominated convergence to average quality, average trade probability, and expected producer
profits.

To see why utility converges, notice that mutual information is

1

1
I(O'e»ﬁe) = _ﬂelnne - (1 - ne) lIl(l - ne) + Efl [ﬁe(ék(@)) lnﬂe(%(@))

+ (1 - e(qe©)) In(1 - Be(:0)))] d6.

The functions vInv and (1 — v) In(1 — v), extended continuously to the endpoints, are bounded
on [0,1]. Dominated convergence implies that this expression approaches I(c*, f*). Expected
consumption surplus converges by the same argument, so consumer utility also converges. This

proves the proposition. |

Dropping credibility. We start by proving Corollary 1.

PROOF OF COROLLARY 1. For point (i), if E,[f] € (0,1), the logit formula holds p-almost surely and
implies I(u, ) > 0. Robustness follows by the argument in Proposition 1. If E,[] € {0, 1}, mutual
information is zero. A constant best response is robust, while a non-constant one is not as it
incurs positive information costs. For point (ii), if § is a constant best response, then it is also
robust to non-degenerate entropic costs since the property imposes no additional requirements.
If B is a best response that is robust to non-degenerate entropic costs when |supp | = 1, then

is constant since A-& > 0. [ |

We now show that, for every g € (p, p/ a) such that there exists € (0, 1) with I1(0, ) = I1(q, B),
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there exists o(0) € (0,1) such that the consumer finds it optimal to set 7. Since the consumer
faces a binary decision problem, by Problem 1 in Matéjka and McKay (2015), we know that the
optimal 7 is determined by

(1—00)-(1_(3%—00-@7‘7_1)}

7 = max< 0, min { 1, pa -
(e —1D-(enr —1)
where g := 0(0) € (0,1). This solution is interior if and only if

(1-0g)-(1—eT)—0g-(et —1)
Clog) = LA 0

= — €(0,1).

T -1) (et 1)
As in the proof of Lemma 14, C(0) is continuous and decreasing in 0. Furthermore, C is strictly
greater than one when o( = 0 and negative when o( = 1. As a result, for every x € (0, 1), by the

intermediate value theorem, there is a o € (0, 1) such that C(og) = 7.

PROOF OF COROLLARY 2. The sufficiency part of the statement follows by the definition of Nash
equilibrium and the characterization of robustness to non-degenerate entropic costs of Corollary
1 point (i). For necessity, producer optimality implies condition (i), while consumer optimality
implies condition (ii) and equation (2) o-almost surely. By Corollary 1, positive quality provision
implies [suppo| > 1and n* € (0, 1). Finally, condition (i) and equation (2) o-almost surely imply
that o assigns probability one to qualities at which the logit curve intersects a linear isoprofit
curve. Since the logit curve is strictly concave, strictly convex, or strictly convex and then strictly
concave, by adapting the argument in Lemma 7, there are at most three intersections. Therefore,

|suppo| € {2,3}. [ ]
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